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Multistable analysis for one dimensional Hopfield neural networks

SU Juan', HE Zhi-Rong*
(1. Department of Mathematics, Chengdu Normal University, Chengdu 610044, China;
2. College of Mathematics, Sichuan University, Chengdu 610064, China)

Abstract: This paper focuses on multistable analysis of one dimensional Hopfield neural networks,
whose sigmoid activation function may not be bounded. Firstly, the condition for the existence of equi-
libria is established, the conditions for exactly 1, 2, or 3 equilibria and their respectively stability are
proposed with some constraints for network parameters. Then the corresponding results about the equi-
libria features are supplemented in the remaining cases for the parameters. Thus, we obtain the relation-
ships between all the different values of the parameters and the number of equilibria as well as their sta-
bility. Finally, by employing bounded and unbounded activation functions, two examples and numerical
simulations are used to illustrate the theory developed in this paper.

Hopfield
stability; Equilibria

Key words: neural networks; Multistability; Activation function; Asymptotical

BRGS0 2 0 5% o A5 Y ) B R A AR

13l A AE R T AR RS 22 45 B T ie B R

[l

Hi T Hopfield #jt £ ¥ 46 81 57 L Ak . 915 4k
PR R AR R b oA T L AR DOk a2
IR E AR G, LR b R G 3h )
FAT R E T B OCH B MR, REEE h B
T AZ— . EAMRE TN AT T
WL TR AT R A T Ak B A A

s BH: 2014-08-01

(EEEAINECE S

2™ VA a5 A B R A A R 114 3 g
AT R R R EORE WBRER R K AT
HA 24 Fa % V- i i slRR 5 T U100 1 i 22 0 245
HERaB R AL G W4 BT T B AR L S
R BI I s R GEAFAE 24V 5 2 b 45 255 1. AEHR

HEEMB: HEHARBEIES (61202045) 5 BH T 3G 2% B BHIF 5L 4 (CS15ZB04)
TEHE/ AN HIH980—), &, PUJISEM N, B, YRR, = ZAF5E J7 o8 6o F2 € M B8 . E-mail: sujuanmath@163. com

BIIEE: ME%. Email: hezrmaths@163. com



%24

BB, & . — 4 Hopfield A 2 M & B A 0 4 #4554 261

HACAZ AR B R 22 A 3 0 b2 ) 4 AL
AU R P, T e e BIg AR 2 W H th 2R
A2 W 25 1 Y I S8 AR AR AT A0 228 TTAH OC TAE W 32
) ok i 2 1 S TR

P PR Hopfield B 25 X 46 45 B 1) 3y ) 2
PESA RS AL UL IO BB I =26 S
iy LN a3 R 15 I = iU ' 8
14, 15 TR 35 2 Ve 130 (R 0T ok KRG — i A A 351
WIE T ARBR AL FNR A8 s AETE A E RS T
ZAV SAFE R TR B A, SCRL12 5 XA A S
LT PR VR, 0 R i S X AT Brouwer
ANBl) S BEARAS TR B AR 3" AP S
Oy A Foh m R R G 0 AR O PR A
J&3CHk[12]H Brouwer AS 3l 5 58 B FH A% ¢ 4
S AE. BT X ASEAY b BT R BT S A O A S Y
HFAEM AR T Brouwer A3l 5 2 PR K15

1O eRBCRAT A P R I i e 2R 1 A
SUFEAE R 0 5 R O v A TR 40 W S D B ) R B
ST A D B AR T B SOk 4 i T
I3 F A XS BRGSO B ) EOR W E R B R S
R R ETE — 2 15 LA DR ORIE 2R 481 il
WIAFTENE. 52 3CHR(5~8., 12, 15 TR A & . A3t it
— 4t Hopfield #2245 8181 () Z Fa 25 ) &, Horr S
AU R OB A A R BRI 5, AT R
T BRI P JB0 30 BB 4 e A A TE M L i — 2B A T L
T ETHE RGERA — 2 =AM AU S50 S =
T EMESS IR ARE A TR SEAEHRTE LT RS
A7 RO R E L PRI A SOV S e T &R
GEAE S BT A U IR 4 4 R R) AL 0 5 3 2ok 91 2%
A SN TC B R B R A ) T A L g
UEFr 54518 .

2 &R

AP R ) — 48 Hopfield # 25 [ %%
LA

u(t) =—du +ag(u) +1 @))
Horfr w(o) RARMATTHIRE A doa T ETEL
X d FoR &Ik G #EARE N ER, o £
INMZTE H BB R, T RoR MR g (w) J&
R % S5 oR B0 R R A 28 50 I 0TS R R

% u, € RERE

—duy +agu,) +1 =0,
MIAR wo S 2G5 (1) 1T 5.

T 25 OGO SR g G 1 = AR

H10 <g'(w) <g'(0), u#0,

H2 lirgg/(u) =0,

H3u <0, g"(w) >0, u=0H#, g"(w =
O,u > 0B, ¢"(uw) <O0.

Tl AR A5 HI-H3 (3005 oR B R A A A
NAFETCH B9 O . ) W arctanCku) » tanhCku)

k>0%ﬁﬁ%%%ﬁﬁu<%www>:

3(1 +w)

+
5

arctan(%u) s u > % i gCu) = In

arctan % DU Ay 6 S 8 491 . B0 A AT S BR e B

PRI R R AT DRE T8 o e KR B 23 A L AR AR R
GEAE 2 BT A R LT 09 B s B itk — 4P
O3 T BT A1 A s A R 1

3 FEHZR

N1 VAT UENT Y 7 68 R dva S AR SR T
da = O f1E B0 FATTRAAETE 1 R BB

SIFE 3.1 &4 0F H2 florn . W RS (D FFTEF
7 k3.

WE MRS H2 R g 2 EARL AR

lim £ — ¢ 2)
s oo u
AT B X
Fa: = 4y + g +L (3)
a a

WA )RR D Tt 4 < < ong A7

F(_OC> = 09,
{ (4)
F(+4 e0) =+ oo
d
M-~ =0 WA
F(— o) =+ oo,
{ 5
F(+ o0) =— oo

FH b N (O EE (5 BL K F Ay i 2 1k ] LA
W AEALE wo TR Fluy) = 0, B &8 (1) 1 F i o5
TEFE. IEEE.

TS R A R R B 3 1 AT &R

B QO (A 1609 A . T3 — 2 < g

. d d
Elﬁml%l,%;<0,o <

= A I T T 5 A R R R . S T B i
iﬂ@ﬁ%ﬁﬁ&%ﬁ&Z*ﬁ%%<oﬂgea

<g’<o>$~u;i>g/<o>



262 Wl K FF/RCE ARFF RO

%53 %

g (0) M.
EIE 3.2 F&M H1 A H2 sz, )

() %4 i < O W, RGO AEAEME— P55 L
VTR @ < 0 IFWHERASE » a > 0 IR FARE :
Gi) % i = /() I, BB (1) 17 A2 W — - i

B A H3 Wiz, g € C LIz A5
Ea < OBARRRE,. a >0 B#THERE.

RN SRR H2 R T O S . T
TR TR AT E BH V- 7 A o — 1 IR

@ 2 L < o i AR A A H A
d
a
UL F(w 78 R L= kg s 4550 4) , 15 %]
FQuw) WFE EME—, Bl RS (D) 45 50—, i
WA R wo

TATH RGO B A TR S w, 4T Taylor J#
.15 %]

u(t) = (—d +ag (u)) (u —uy)+

olu —uy) (6)

H <0 Eﬂ‘JfE%EE%H%%H‘;i <O LA —

d +ag’'(u)) <0 4542 C6) 15 514 5w, Wi
RE.RZ a > 0 P we AEE. (DIFIE.

(i) 4 ai = g'(0) WL AR HT A

F(w=—=+g"(w >0,u €R,

F' () :—ai Y g'(w) <0.u €R.

BHAY ai =g (D,u=00, Flw) =0.HIk

FATH 2 FGo 7E R L= s . 25 53 (5) . 155
Flw) WEEME— RGO FEHEE— BT
TE I 5 A8 TS0 S 05w, .

T AT PR E TS T S et B
e g — g (0).u, =0 H g € C' B R4 1 H3
AT LUEE ¢"(0) =0 M g7(0) <0, TREAES
(DWA SR wo = 0 8 Taylor BN

u(t) = %g’%om‘ﬂ +o(u®) )
MDA, a <0 BT S w, = 0 ANFRE LT a

O B S A o — O WA R SE . X ai — 2 (0),

o # 0 5 ai = ¢/ (0) B BT I R S M. TR AT

5D B AT AR 85 wo $EAT Tayloy J& JF . FF 45 45 3
55 (6) M ] MR L 201 46 ai — 0 s uy £ 0

% Lo g/ RfEE L g W) <0 Hih

P wo £ @ < 0 REAERE . a > 0 1
Wi e E . UERE.

BT 0 < L < g0 BERBF B9
BT T TR 24 7 i B P S P A B R O
<ai < g/ (0) A fE H1~H3 W7 R g (B
L FEL R B TR 4 AR — 1wy + e A

u, < 0 e Uy o
8
{g’m) — ) =4 &)
a

i F AR wo A w, BUEIES . FRATEE P 3. 3
Hh U ISP A B I A R A T S Y
T e k.

EHE3.3

g (0 FGu) Fluy + w, 205 X ) Ak (8) /& X
|

YE A PE H1~H3 . 0 — g <

(D) Y Fluy) >08¢ Flu,) <OB A& (DA
ME— S5 AT (uo s 4 o0) B (— oovu) N,
TS TE a < 0 BEANERE . @ > 0 B #F I AR

(i) X4 F(u) =08 F(u,) =00, 24 (DA
PSS 5. # F ) = 0, 5wy 21 5 HOR
Fa5E ST — A S AE (uy s +00) L H a <0 AR
FasE,a >0 Bk e ; & Flu) =0 5 u, &
A S BANERE S T ) — A S A (— oohu) N,
Ha <0OWAREE, a >0 W#iitiE;

(i) 1E F(u) » FQu) IHABUERE T . &
GO AT Bl e (— <u)
Cuy sy ) F Cuy s +2) N. Y a <O0Bt, (—eo,u)
Hl Cuy s + o0) WY SSATRUE S T Cua sz IEY
A TR s a > 0B, (—eouuy) B (up s +
oo) PN s TR R T G sz ) PN ST
AR,

EY Y0 < ai < ¢ (0) . HI~H3 th

Fay =—2 4+
a

J<O,u € (—eoou) U (upy +00),
g W= 0vu € uy Tous s
1> O,u S (ulyuz).



% 2 F4R, % — 4 Hopfield 40 2 M % 54 69 % 42 & 47 263

M EEZBE FGo i B A A s nak 1
JI 7K.
R 1 F(u) BBt

Tab.1 The monotonicity of F(u)
u (7507141) u) <u1.uz) usz (uzg + o)
Fewd TR 7N TR /PN JeAE
LRV {H 4% A (=N Ay,

Fo5 B NFR 1 AT F
Flu,) < F(uy) 9)
(D #F Fluy) >0 MNRXOBFESH I Flu,) >
0.454X05),% 1 MM F(u) , Flu) WIiFf,
1458 FQw BME S HBEE (o, + ) WHME—,
B R G (L) [ P a5 ME — FLAE (e s 4+ o0) LM X
S AR o I FORE R GE (D) WA S FE A wo iF
1 Taylor JRH, iR A X 5 6O MFE. B T w
€ (uys + o) o ¥ g WP (O P w [
XA
*%+g’(uo) <0 10)

e Ja 45 A 3 6) A (10) 75 H P8 45 wo 7E a << 0 Hif
AFE s a >0 BRI AR . R ATIE F(u,) <0 Bif
4518, (DIRIE.

(i) Y4 Flup) =08, (D EGHE] F(u,)
=>0.4854RG) K1 AME Flu) » Flu,) WIEfR
AR E] FGo HAPWADNEL, w ZEH P2 — 1
H—ZELE (s + ) W AR w .

ARG (DWW v #4T Taylor JETF,

a 7

u(t) = 58 () (u —u)? +ol(u—u)?)

an
M owy B SCRZ&F H3 ol LIAS ¢ (u) > 0.
Wi a <0a >0, NXADERFMHE w A
R . WA o MIAEPEIE RS L3k GO iy iE A
AT RIERE AT SE Fuy) = 0 IS5, GDARIE.

Gi) BAEFRAISHT FCuy) 1 F(uy) i e i
REAE W FCu) s FCuo) 43 51 BOVE ST 1A A A5 A
A, 78 2 39 B X B (D, GD
FCuy) F1FCuy) 6 2 05540 BB Fluy) s Fluy)
R SRR F(uy) <0 H Fuy) > 0. 8548 =
(5), 21, Fluy) <0 H F(u,) >018H F(w) BA
SAESCHWE (—ooyu) s (uysus) F (us s +
o) W. Fluw) %S5 R T R G 07 5.

B R = A DX R PN S 05 R w6 e
Alus” . R TIER B 708, 58— w, 8RBk =4~

A A IR R S8 (D) A Ui R A we 34T Taylor
Je It g A SR GO HFE. BRAE g G B
PEF w” s ud® sud” FRAEX RIS 1R8], 2 a < 0.u,
=u B uo=ulB, B —d+ag (uy) >0 .44
3 C6) HIE -7 5w e ANFLTE T wo = ug?
WA —d +ag’ (ue) <0, P8 wl® #7EER
. FHLAT AR a > 0 B = AN i s 09 8 Tk
IEEE,

E1 M da # 00}, EH 3.2 fIEM 3.3 %45
T ZHUTE BUE M R G (D) 14 05 50 Faoe b
ZEMKR. Y da =00, Hd#0,a=08d =
a =0, VP RMBES @I 2 d = 0,a # 01,

Lo (g u € R) U 77 1 FLIE—.

g < 0 WAL RE + a > 0 BEREE 25
~Le (g e Ry TGRS

MAEHE 3.2, 3.3 filiE 1 . RE(DHh S5
Fi A BUE R S E e, AR SO g e T R 45
(1) B A7 A BORER S 1 ) J

E 2 ARG (D A A ME—F- i 5 B R e
MH: Taylor J& x0T LIAS B2 7 i 2 4 Jm i i A
LT 3.2, 3. 3D MIE 1 i ME—F
7 AW R T IARE T A R W T AR A .

4 HEEU

AR 7 38 A A SO 38 UE T AR 4598 . H b 4
4.1 FB) 4. 2 BB R KT A SR A .

Bl 4.1 XRGED, Wd =1.28,a =11 =—
0.64In2 +0.6,g(u) = tanh(2u) .

B AR g(uw) 22 4 HI~H3 A R

BB A ¢/ (0) =2 ,o<ai
WA e 3. 3 Wik~ w s w1 g () =
128 18w, =—Iny2 s u, = InV2 \HILA
F(u) =0 0 2R 3. 3GD &4, F 17118
PNAGFHEWAN PR, w, = InV2 BHPZ—
HARE M5 — P uo 78 (Iny2, + ) WH
Wi R e W1 M BUE BB IE T TR A5 R,

Bl 4.2 5728 (Ohd=1,a=51=1.5.,%

<1.28 <g'(0),

3u

4

3(1 +w
5

Ao Bk g Cu) i R 5 H1~H3 57

9

u < % B, g(u) = arctan

u 2%53‘, g(w) =In

1
+ arctan 5 -



264 Wl K FF/RCE ARFF RO

%53 %

. . t
0 5 10 15
A1 w =—InV2 REE, u, #ELRE
Fig. 1 w =—Iny2 is unstable, u, is asymptotically stable
W a 3 d /
AL HEAE g (0) =7 ,O<;—O.2<g ),

Ry E R 3.3 Ttk — I8 w o w, . FIHECF K
4 Mapleld , BUE Rt 5 g’ (w) = 0.2 131 «,
=—1.9437 y u, = 3.1667 ,FHHf wy » u, fRA Fw)
T F(uy) =—0.8808 <0, F(u,) =0. 4466 >
O 8B 3. 3D 1 Z&F, Rk RGAFTE = A
oM o, Ho4 B fE (— oo, —1,9437)
(—1.9437,3.1667) , (3.1667, + ) N.id &
SASDA] A 0 R w6 s e R w s B E
H3.3GID a > 0, AT H wi” Fowt® ik fa
FE su” AFE. B2 MBI IE T TS 4518,

A2 ul”,ul® #BEAEE, u R
Fig. 2 uf” and ui® are asymptotically stable,

(2)

and u$? is unstable

S & k-

[1] Ghatee M, Niksirat M. A Hopfield neural network
applied to the fuzzy maximum cut problem under
credibility measure[ J]. Information Sciences, 2013,
229. 77.

[2] Talavan P M, Yanez J. Parameter setting of the

(3]

(4]

(5]

[6]

[7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

Hopfield networks applied to TSP[J]. Neural Net-
works, 2002, 15(3): 363.

Pajares G, Guijarro M, Ribeiro A. A Hopfield neu-
ral network for combining classifiers applied to tex-
tured images[J]. Neural Networks, 2010, 23; 144,
Tank D W, Hopfield J J. Simple “neural” optimiza-
tion networks: an A/D converter, signal decision
circuit, and a linear programming circuit[ J]. IEEE
Trans Circuits Syst I, 1986, 33(5): 533.

Mohamad S, Gopalsamy K, Akca H. Exponential
stability of artifical neural networks with distributed
delays and large impulses[J]. Nonlinear Analysis:
Real World Applications, 2008, 9: 872.

Forti M, Tesi A. New conditions for global stability
of neural networks with application to linear and
quadratic programming problems[]J]. TEEE Trans
Circuits Syst 1, 1995, 42(7) . 354.

Zhang ] Y. Global exponential stability of interval
neural networks with variable delays[J]. Applied
Mathematics Letters, 2006, 19. 1222,

FAR, FRIE SC. AR S5 HC Hoplield i 25 9
e RmBEREll]. PEB2%. EHE, 2003,
33(6): 488.

S5, B AR BE AL B H Hopfield 1 £2
POZg i R e M LT ] MO R 2 4. A AR B2 R
2010, 47(3) . 452.

LiuZ, Yu]J, XuD, etal. Stable analysis for neural
networks: set-valued mapping method[J]. Applied
Mathematics and Computation, 2013, 220; 46.
Hsu C H, Yang S Y., Yang T H. ez al. Stability
and bifurcation of a two-neuron network with dis-
tributed time delays[J]. Nonlinear Analysis: Real
World Applications, 2010.,11; 1472.

Cheng C Y, Lin K H, Shih C W. Multistability and
convergence in delayed neural networks[J]. Physica
D, 2007, 225. 61.

Wang L, Lu W, Chen T. Coexistence and local sta-
bility of multiple equilibria in neural networks with
piecewise linear nondecreasing activation functions
[J]. Neural Networks, 2010, 23. 189.

Tan K C, Tang H, Zhang W. Qualitative analysis
for recurrent neural networks with linear threshold
transfer functions[ J]. IEEE Trans Circuits Syst I,
2005, 52(5): 1003.

Zou L, Tang H, Tan K C, et al. Analysis of continuous
attractors for 2-D linear threshold neural networks[]].

IEEE Trans Neural Networks, 2009, 20(1); 175.



