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Abstract:Forasystemofgeneralnonconvexvariationalinequalitiesdefinedonuniformlyprox-regularsets,weproposea

parallelprojectionalgorithmwhichconvergestoitssolutionandcommonfixedpointsoftwoLipschitzianmappings.We
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1Introduction
VariationalinequalitytheorywasintroducedbyStampacchia[1]intheearly1960s,whichisanimportant

branchofapplicablemathematicalandwithawiderangeofapplicationsinnonlinearoptimizationtheory,differ-
entialequation,controlproblem,equilibriumtheory.Oneofthebasicprobleminvariationalinequalitiesisthe
existenceofsolutionsproblemandtheresearchoftheiterativemethodforitssolutions.Therearealotof
methodscanusedtosolvingvariationalinequalities,suchasprojectionmethodanditsvariantforms,Wiener-
Hopfequations,auxiliaryprincipleandsoon,see[1-13]andthereferencestherein.
Inrecentyears,researchershadakeeninterestinuniformlyprox-regularsetsandthenonconvexvaria-

tionalinequalitiesproblemsNCVIP,whichisdefineduniformlyprox-regularsets[2-5].Asknowntoallthatu-
niformlyprox-regularsetsarenonconvexsetsandincludeconvexsetsasspecialcase.Noor[4]firstintroduced
andresearchaclassofNCVIP.Moreover,heprovedtheequivalencebetweentheNCVIPandthefixed-point
problemsbyusingtheprojectiontechnique.Thisequivalentformulationisoftenusedtodiscusstheexistence
andalgorithmofthesolutionoftheNCVIP.Noor[5]alsoproposedsomeothermethodsforsolvingageneral
NCVIP,suchasprojectionmethodsandWiener-Hopfequationstechnique.Ontheotherhand,Verma[6]and
Noor[7]proposedexplicitprojectionmethodsforsolvingsystemsofvariationalinequalitiesandgeneralvaria-
tionalinequalitiesonaclosedconvexsubsetofHilbertspace,respectively.Recently,manyresearchersbegan
toconsidervariationalinequalitiessystemproblems;see[8-10]andthereferencestherein.In2012,Wenet
al.[10]generalizedthenonconvexvariationalinequalitiestoanewsystemnonconvexvariationalinequalitiesand
discussedtheconvergenceofprojectionmethodsforthenewsystemofgeneralnonconvexvariationalinequali-
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ties.
Inthisarticle,weintroduceandconsideranewandmoregeneralsystemofgeneralnonconvex,variational

inequalitiesproblemsSGNCVIP.TheGNCVIPincludesthesystemofvariationalinequalitiesinvolvingtwodif-
ferentnonlinearoperators,thegeneralnonconvexvariationalinequalitiesandthesystemsofvariationaline-
qualitiesdefinedonclosedconvexsetsasspecialcases.Inthispaper,wefirstshowthatprojectiontechnique
canbeextendedtothenewsystemofgeneralnonconvexvariationalinequalitiesonuniformlyprox-regularsets,

andthenproposeanewparallelalgorithmwhichconvergestoitssolution.Unlikethealgorithm3.1in[10],

animportantfeatureofthenewparallelalgorithmisthatithasthesuitabilityforimplementingonmultipro-
cessorcomputer.Wealsoconsidertheconvergenceoftheparallelprojectionalgorithmundersomesuitable
mildconditions.Theresultspresentedinthisarticleimproveandextendthepreviouslyknownresultsforthe
variationalinequalitiesandrelatedoptimizationproblems.

2Preliminaries
Inthissection,wepresentsomebasicdefinitionsandpreliminaryresultsthatwillbeusedthroughoutthe

paper.TheHilbertspaceisdenotedbyHandweuse<·,·>and‖·‖denotetheinnerproductandnormof
H,respectively.ThenonemptyclosedconvexsubsetofHisdenotedbyK.Theidentityoperatorisdenoted
byI.

Definition1[2-3] TheproximalnormalconeofKatu∈Hisgivenby
NP

K(u):={ξ∈H:u∈Pk(u+αξ)}, (1)

whereα>0isaconstantandPK(u)={u*∈K:dK(u)=‖u-u*‖},dK(u)=inf
v∈K
‖v-u‖.

TheproximalnormalconeNP
K(u)hasthefollowingcharacterization.

Lemma1[2-3] LetKbeanonemptyclosedconvexsubsetinH.Thenξ∈NP
K(u)ifandonlyif∃α>0such

that
<ξ,v-u>≤α‖v-u‖2,∀v∈K. (2)

Definition2[2-3] TheClarkenormalcone,denotedbyNC
K(u),isdefinedas

NC
K(u)=co(NP

K(u)), (3)

whereco(A)istheclosureoftheconvexhullofthesetA.
Definition3[2-3] Forr∈(0,∞],Kr⊂Kissaidtobenormalizeduniformlyr-prox-regularifandonlyif

∀u∈Kr,0≠ξ∈NP
Kr
(u),wehave

<ξ
‖ξ‖

,v-u>≤12r‖v-u‖
2,∀v∈Kr. (4)

Remark1 From[2-3]weknow,ifr=∞,thenKr=K.
LetKrbeauniformlyr-prox-regular(nonconvex)set,T1,T2:Kr×Kr→Krandg,h:H→Krbedifferent

nonlinearoperators,respectively.Foranygivenconstantsρ1>0andρ2>0,findingx*,y*∈Kr,suchthat

<ρ1T1(y*,x*)+x*-g1(y*),g1(x)-x*>+12r‖g1
(x)-x*‖2≥0,∀x∈H:g1(x)∈Kr

<ρ2T2(x*,y*)+y*-g2(x*),g2(x)-y*>+12r‖g2
(x)-y*‖2≥0,∀x∈H:g2(x)∈K

ì

î

í

ï
ï

ï
ï r

, (5)

whichiscalledanewsystemofgeneralnonconvexvariationalinequalities.Somespecialcasesof(5)asfol-
lows:

1)Ifg1=g2=I,then(5)isdeformedintothefollowingforms:findingx*,y*∈Kr,suchthat

<ρ1T1(y*,x*)+x*-y*,x-x*>+12r‖g1
(x)-x*‖2≥0,∀x∈H:g1(x)∈Kr,ρ1>0

<ρ2T2(x*,y*)+y*-x*,x-y*>+12r‖g2
(x)-y*‖2≥0,∀x∈H:g2(x)∈Kr,ρ2>

ì

î

í

ï
ï

ï
ï 0

, (6)

whichappearstobeanewone.
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2)Ifr=∞,thenKr=K,then(5)isequivalenttofindingx*,y*∈K,suchthat
<ρ1T1(y*,x*)+x*-g1(y*),g1(x)-x*>≥0,∀x∈H:g1(x)∈K,ρ1>0
<ρ2T2(x*,y*)+y*-g2(x*),g2(x)-y*>≥0,∀x∈H:g2(x)∈K,ρ2>{ 0

, (7)

whichisknownasthesystemofgeneralvariationalinequalitiesinvolvingfourdifferentnonlinearoperators,in-
troduced,andstudiedbyNoor[11].

3)Ifg1=g2=I,T1,T2:K→K,then(7)isdeformedintothefollowingforms:findingx*,y*∈K,such
that

<ρ1T1(y*)+x*-y*,x-x*>≥0,∀x∈K,ρ1>0
<ρ2T2(x*)+y*-x*,x-y*>≥0,∀x∈K,ρ2>{ 0

, (8)

whichisknownasthesystemofnonlinearvariationalinequalitiesinvolvingtwodifferentnonlinearoperators.
IfT1=T2=T,problem(8)reducestothesystemofvariationalinequalities,whichwasintroducedandstudied
byVerma[6].

4)IfT1=T2=T:Kr→Kr,andx*=y*=u,then(6)isequivalenttofindingu∈Kr,suchthat

<Tu,v-u>+12r‖v-u‖
2≥0,∀v∈Kr, (9)

5)Ifr=∞,thenproblem(9)isequivalenttofindingu∈Kr,suchthat
<Tu,v-u>≥0,∀v∈Kr, (10)

whichisthenormalnonconvexvariationalinequalityintroducedandstudiedbyNoor[4,20].Itiswellknownthat
problem(10)isequivalenttofindingu∈Krsuchthat

0∈Tu+NP
Kr
(u), (11)

Wenowrecallthewell-knownpropositionwhichsummarizessomeimportantpropertiesoftheuniform
prox-regularsets.

Lemma2[2-4,10] LetKbeanonemptyclosedsubsetofH,r∈(0,∞]andsetKr={u∈H:d(u,K)<r}.If
Krisuniformlyprox-regular,then:i)∀u∈Kr,PKr

(u)≠∅;ii)∀r′∈(0,r),PKrisδ-Lipchitzcontinuous,

whereδ= r
r-r′

;iii)NP
Kr
(u)isclosed.

Definition4 Anoperatorg:H→Hissaidtobe
1)ξ-stronglymonotoneifandonlyif∀x,x′∈H,∃ξ>0suchthat

<g(x)-g(x′),x-x′>≥ξ‖x-x′‖2; (12)

2)η-Lipchitzcontinuousifandonlyif∀x,x′∈H,∃η>0suchthat
‖g(x)-g(x′)‖≤η‖x-x′‖. (13)

AnoperatorT:H×H→Hissaidtobe
3)relaxed(ω,t)-cocoercivewithrespecttothefirstvariableifandonlyof∀x,x′∈H,∃t>0andω>0

suchthat
<T(x,·)-T(x′,·),x-x′>≥-ω‖T(x,·)-T(x′,·)‖2+t‖x-x′‖2; (14)

4)μ-Lipschitzcontinuouswithrespecttothefirstvariableifandonlyif∀x,x′∈H,∃μ>0suchthat
‖T(x,·)-T(x′,·)‖≤μ‖x-x′‖; (15)

5)γ-Lipschitzcontinuouswithrespecttothesecondvariableifandonlyif∀y,y′∈H,∃γ>0suchthat
‖T(·,y)-T(·,y′)‖≤γ‖x-x′‖. (16)

Remark2 Fromtheabovedefinition,theidentityoperatorIbea1-stronglymonotoneand1-Lipschitz
continuousmapping.Ifoperatorg:H→Hisξ-stronglymonotoneandη-Lipchitzcontinuous,thenη≥ξ.If
T:H×H→Hbeastronglymonotonemappingwithrespecttothefirstorsecondvariable,thenT mustbea
relaxedcocoercivemappingwithrespecttothefirstorsecondvariable.

Lemma3[10] x*,y*∈Krisasolutionofthesystemofgeneralnonconvexvariationalinequalitiesproblem
(1),ifandonlyif
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x*=PKr
[g1(y*)-ρ1T1(y*,x*)]

y*=PKr
[g2(x*)-ρ2T2(x*,y*{ )]

, (17)

wherePKristheprojectionofHontotheuniformlyprox-regularsetKr.
Lemma4[13] Let{an}⊂R+,{bn}⊂R+.Wefurtherassumedthat

an+1≤(1-dn)an+bn,∀n≥n0, (18)

wheren0issomenonnegativeinteger,dn∈(0,1)with∑
∞

n=0
dn =∞andbn =o(dn),thenan →0asn→ ∞.

3Mainresults
InthissectionweuseLemma3proposearelaxedtwo-stepalgorithmforsolvingproblem (5),further-

moreweconsidertheconvergenceofthisalgorithm.
Algorithm1 Foranyinitialinitialpointsx0,y0∈Kr,thesequences{xn},{yn}aregeneratedbythefol-

lowingiterativemanner:

xn+1=(1-αn)xn+αnS1(PKr
(g1(yn)-ρ1T1(yn,xn)))

yn+1=(1-βn)yn+βnS2(PKr
(g2(xn)-ρ2T2(xn,yn

{ )))
, (19)

whereKrisauniformlyprox-regularset,{αn},{βn}aretwosequencesin[0,1]andρ1,ρ2ispositiverealnum-
bers,S1,S2aretwoLipschitzianmappings.

LetF(Si)={x∈H:Six=x},F(S)=∩
2

i=1
F(Si),thesolutionssetof(5)isdenotedbySOL(5).Wefirst

provethefollowingLemma,whichwillbehelpfultoproveourmainresultofinthissection.
Lemma5 LetHbearealHilbertspace.Let{xn}and{yn}besequencesinHsuchthat

‖xn+1-x*‖+‖yn+1-y*‖≤max{(1-rn)(1-sn)}(‖xn-x*‖+‖yn-y*‖) (20)

forsomex*,y*∈H,where{rn}and{sn}aresequencesin(0,1)suchthat∑
∞

n=0
rn =∞and∑

∞

n=0
sn =∞.Then

{xn}and{yn}convergestox*andy*,respectively.
Proof Firstly,wedefinethenorm ‖·‖1onH×Hinthefollowingform

‖(x,y)‖1=‖x‖+‖y‖,∀(x,y)∈H×H.
Then(H×H,‖·‖1)isaBanachspace.Hencebythedefineof‖·‖1,(20)impliesthat

‖(xn+1,yn+1)-(x*,y*)‖1≤max{(1-rn)(1-sn)}‖(xn,yn)-(x*,y*)‖1.
UsingLemma4,wehave

lim
n→∞
‖(xn,yn)-(x*,y*)‖1=lim

n→∞
(‖xn-x*‖+‖yn-y*‖)=0.

Therefore,{xn}and{yn}convergestox*andy*,respectively.Thiscompletestheproof.
Wenowpresenttheapproximationsolvabilityoftheproblem(5).
Theorem1 LetHbearealHilbertspaceandK⊂Hbeanonemptyclosedconvexset,Kr⊂Kbeaclosed

uniformlyprox-regularset.LetPKrbeaLipschitzcontinuousoperatorwithconstantδ=
r

r-r′.LetTi:Kr×Kr→Kr

andgi:Kr→KrbemappingssuchthatTiisrelaxed(ωi,ti)-cocoercive,μi-Lipschitzcontinuouswithrespectto
thefirstvariable,γi-Lipschitzcontinuouswithrespecttothesecondvariableandgiisηi-Lipschitzcontinuous,

ξi-stronglymonotonemappingfori=1,2.LetSi:H→Hbeϑi-Lipschitzianmappingfori=1,2withF(S)≠
∅,{αn},{βn}aretwosequencesin[0,1].Assumethatthefollowingassumptionshold:

i)0<Ω1n=αn(1-ϑδρ1γ1)-βnϑδ(ψ2+θ2)<1,

ii)0<Ω2n=βn(1-ϑδρ2γ2)-αnϑδ(ψ1+θ1)<1,

iii)∑
∞

n=0
Ω1n =∞,and∑

∞

n=0
Ω2n =∞,

whereϑ=max{ϑ1,ϑ2}andψi= 1-2ξi+η2i,θi= 1+2ρiωiμ2
i-2ρiti+ρ2iμ2

i,i=1,2.IfSOL(5)∩F(S)≠∅,
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thenthesequences{xn}and{yn}generatedbytheAlgorithm1convergestox*andy*,respectively,suchthat
(x*,y*)∈SOL(5)and{x*,y*}∈F(S).

Proof Letushave(x*,y*)∈SOL(5)and{x*,y*}∈F(S).ByLemma3,wehave
x*=PKr

[g1(y*)-ρ1T1(y*,x*)]

y*=PKr
[g2(x*)-ρ2T2(x*,y*{ )]

,

Alsosince{x*,y*}∈F(S),wehave
x*=S1(PKr

(g1(y*)-ρ1T1(y*,x*)))

y*=S2(PKr
(g2(x*)-ρ2T2(x*,y*{ )))

, (21)

Toprovetheresult,wefirstevaluate‖xn+1-x*‖foralln≥0.Using(19)and(21),weobtain
‖xn+1-x*‖=‖(1-αn)xn+αnS1(PKr

(g1(yn)-ρ1T1(yn,xn)))-x*‖≤
(1-αn)‖xn-x*‖+αn‖S1(PKr

(g1(yn)-ρ1T1(yn,xn)))-S1(PKr
(g1(y*)-ρ1T1(y*,x*)))‖≤

(1-αn)‖xn-x*‖+αnϑ1δ‖g1(yn)-g1(y*)-ρ1(T1(yn,xn)-T1(y*,x*))‖≤
(1-αn)‖xn-x*‖+αnϑ1δ‖g1(yn)-g1(y*)-(yn-y*)‖+

αnϑ1δ‖yn-y*-ρ1(T1(yn,xn)-T1(y*,xn))‖+αnϑ1δρ1‖T1(y*,xn)-T1(y*,x*)‖. (22)

Sinceg1isη1-Lipschitzcontinuousandξ1-stronglymonotone,wehave
‖g1(yn)-g1(y*)-(yn-y*)‖2=‖g1(yn)-g1(y*)‖2-2<g1(yn)-g1(y*),yn-y*>+‖yn-y*‖2≤

η21‖yn-y*‖2-2ξ1‖yn-y*‖2+‖yn-y*‖2=(1-2ξ1+η21)‖yn-y*‖2. (23)

BytheassumptionaboutT1andthedefinitionofrelaxedcocoerciveandLipschitzcontinuous,wehave
‖yn-y*-ρ1(T1(yn,xn)-T1(y*,xn))‖2=‖yn-y*‖2-2ρ1<T1(yn,xn)-T1(y*,xn),yn-y*>+

ρ21‖T1(yn,xn)-T1(y*,xn)‖2≤‖yn-y*‖2+2ρ1ω1‖T1(yn,xn)-T1(y*,xn)‖2-2ρ1t1‖yn-y*‖2+

ρ21‖T1(yn,xn)-T1(y*,xn)‖2≤‖yn-y*‖2+2ρ1ω1μ21‖yn-y*‖2-2ρ1t1‖yn-y*‖2+

ρ21μ21‖yn-y*‖2=(1+2ρ1ω1μ21-2ρ1t1+ρ21μ21)‖yn-y*‖2. (24)

Byγ1-LipschitzcontinuityofT1withrespecttosecondvariable,wehave
‖T1(y*,xn)-T1(y*,x*))≤γ1‖xn-x*‖. (25)

Substituting(23)~(25)into(22),wehave
‖xn+1-x*‖≤(1-αn+αnϑ1δρ1γ1)‖xn-x*‖+αnϑ1δ(ψ1+θ1)‖yn-y*‖, (26)

whereψ1= 1-2ξ1+η21,θ1= 1+2ρ1ω1μ21-2ρ1t1+ρ21μ21.
Similarly,wehave

‖yn+1-y*‖≤βnϑ2δ(ψ2+θ2)‖xn-x*‖+(1-βn+βnϑ2δρ2γ2)‖yn-y*‖, (27)

whereψ2= 1-2ξ2+η22,θ2= 1+2ρ2ω2μ22-2ρ2t2+ρ22μ22.
Adding(26)and(27),takingϑ=max{ϑ1,ϑ2}weget

‖xn+1-x*‖+‖yn+1-y*‖≤(1-αn+αnϑδρ1γ1)‖xn-x*‖+αnϑδ(ψ1+θ1)‖yn-y*‖+

βnϑδ(ψ2+θ2)‖xn-x*‖+(1-βn+βnϑδρ2γ2)‖yn-y*‖=
[1-(αn(1-ϑδρ1γ1)-βnϑδ(ψ2+θ2))‖xn-x*‖+[1-(βn(1-ϑδρ2γ2)-αnϑδ(ψ1+θ1))‖yn-y*‖≤

max{(1-Ω1n,(1-Ω2n)}(‖xn-x*‖+‖yn-y*‖),

whereΩ1n=αn(1-ϑδρ1γ1)-βnϑδ(ψ2+θ2),Ω2n=βn(1-ϑδρ2γ2)-αnϑδ(ψ1+θ1).BytheassumptionsandLemma
5,wegetthatthesequences{xn}and{yn}convergestox*andy*,respectively.Thiscompletestheproof.

Remark2 Theorem1improveandextendtheTheorem4.1inWenetal.[10],whichitselfisanextension
andimprovementofthemainresultinNoor[11]andVerma[6].

4Conclusion
Anewsystemofgeneralnonconvexvariationalinequalitiesdefinedonuniformlyprox-regularsetsarecon-

sideredinthispaper.Weproposeaparallelprojectionalgorithmwhichconvergestoitssolutionandcommon
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fixedpointsoftwoLipschitzianmappings.Wealsoprovethatthealgorithmisconvergent.Theresultsofthis
paperextendsomecorrespondingresultsonthevariationalinequalitiesandrelatedoptimizationproblems.Itis
aninterestingopenproblemtoimplementthesealgorithmsforsolvingthesystemofvariationalinequalitiesnu-
mericallyandcompareitsefficiencywithotheriterativemethods.
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运筹学与控制论

一类新的推广非凸变分不等式的平行投影算法

张 亮,吴至友

(重庆师范大学 数学学院,重庆401331)

摘要:对定义在一致临近正则集上的一类新的推广的非凸变分不等式,本文提出了一个平行投影算法,算法的收敛点既是该变分

不等式的解,又是两个Lipschitz映像的不动点。进一步,本文在适当条件下证明了该算法的收敛性。本文所得结论改进并推广了

有关变分不等式和相关最优化问题的一些结果。

关键词:推广的非凸变分不等式;一致临近正则集;松弛强制映像;强单调算子;Lipschitz连续映像
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