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Abstract: Some suf ficient conditions of the complete convergence and st rong convergence for

w eigh ted sums ofd
-
-mixing random sequences are established. The results obtained ex tend the

theo rems of Stout and Thrum.
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摘要:给出d- -混合序列加权和完全收敛和强收敛的充分条件 ,所得结果推广了 Stout和 Th rum定理 .
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　　 Following the introducto ry concept ofd- -mixing

random variables in 1999
[1 ]
, Zhang got moment

inequalities of partial sums, cent ral limi t theorems,

complete convergence and the st rong law of larg e

numbers
[1～ 3 ] . Since d

- -mixing random variables

include N A andd* -mixing random variables, w hich

have a lot of applications, their limit properties have

aroused wide interest recently. In this paper, w e

obtain some suf ficient condi tions of the complete

converg ence and st rong converg ence for w eighted

sums of d
-
-mixing random sequences. The results

obtained ex tend the theorem of Stout
[4 ]

and

Thrum
[5 ] .

1　 Definitions and l emma

　　 Definition1. 1
[6 ]　 A sequence {Xk ; k∈ N } is

called negativ ely associated ( NA) if fo r every pair of

disjoint subsets S, T of N , Cov { f ( X i ; i∈ S) ,g (X j ; j

∈ T ) }≤ 0, w here f , g∈ □ ,□ is a class of functions

which are coordinatewise increasing.

　　 Def inition 1. 2
[1 ]
　 A sequence {Xk ; k∈ N } i s

calledd
*
-mixing ifd

*
(s ) = sup{d( S, T ) ; S, T N ,

dist( S , T )≥ s}→ 0(s→∞ ) , whered( S, T )= sup{|E

( f - Ef ) ( g - Eg ) / (‖ f - Ef‖ 2‖ g - Eg‖ 2 )|; f

∈ L2 (e( S) ) ,g∈ L 2 (e( T ) ) }.

　　 Def inition1. 3
[ 1]
　 A sequence {Xk ; k∈ N } i s

calledd- -mixing ifd- (s )= sup{d- ( S, T ) ; S, T N ,

dist ( S, T )≥ s}→ 0(s→∞ ) , whered- ( S, T )= 0∨ sup

Cov { f ( X i ; i∈ S) , g (X j ; j∈ T ) }

Var{ f ( X i ; i∈ S ) }Va r{g (X j ; j∈ T ) }
; f , g∈ □

.

　　 It is easy to see that {X k; k∈ N } is negatively

associated i f and only ifd- ( s ) = 0, for s≥ 1. It i s

obvious thatd- (s )≤d* (s ) , sod- -mixing is w eaker

thand* -mixing.

　　 Property 1. 1[1 ]　 A subset of a d- -mixing

sequences {X i } i≥ 1 with mixing coefficientsd- (s ) i s

also d
- -mixing wi th coefficients no t g reater than

d
-
(s) .
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　　 Property 1. 2
[ 1]
　 Increasing functions defined

on disjoint subsets of ad- -mixing sequences {X i }i≥ 1

w ith mixing coefficientsd
- (s ) are also d

- -mixing

w ith coefficients not g reater thand
-
(s) .

Th roughout this paper, C will represent a

positive constant though its v alue may change f rom

one appearance to another, and an <<bn will mean an

≤Cbn .

Lemma 1. 1
[ 7]　 For a positiv e integer N≥ 1,

positive real numbers p≥ 2 and 0≤ r < ( 1
6p

)
p
2 , if

{X i ; i≥ 1} is a sequence of random variables w ithd
-

( N )≤ r , EX i= 0 and E|X i|
p <∞ for ev ery i≥ 1,

then for all n≥ 1, there is a positive constant C= C

(p ,N , r ) such that

　　 E ( max
1≤ j≤n
|Sj|p )≤C {∑
n

i= 1
E|X i|p+ (∑
n

i= 1
EX

2
i )p /2 } ,

w here Sj=∑
j

i= 1
X i .

2　Main results

　　 Theorem 2. 1　 Let 0 <T≤ 1, and {Xn ; n≥ 1} be

a d
- -mixing sequence of identically dist ributed

random variables with

　　EX 1= 0, E|X 1|
2 /T<∞ . ( 1)

And

　　|ani|≤Cn- 2 /T-W, n≥ 1, i≤n and 0 <W<T/2,

|ani|= 0, i> n. ( 2)

And there exists a constantθ> 0 such that

　　∑
n

i= 1
a
2
ni≤ Cn

-θ
, for all n. ( 3)

Then

　　 Tn =
∧

∑
n

i= 1
aniX i

a. s.
0,n→ ∞ . ( 4)

　　 Proof　 Let

Xni=
∧

- n-W/2
I (ani X i < - n-W/2 )+ X i I (|aniX i|≤

n
-W/2 )+ n-W/2I (aniX i> n-W/2 ) ,

then

　　 Tn = ∑
n

i= 1

ani (X i - Xni )+ ∑
n

i= 1

ani (Xni - EXni )+

E (∑
n

i= 1
aniXni ) =

∧
Tn 1+ Tn 2 + Tn3 .

Therefore, in order to prove the Theorem 2. 1, w e

have to prove only that Tni
a. s.

0,n→∞ , i= 1, 2, 3.

By formula ( 1) and formula ( 2) , w e have

　　∑
∞

n= 1

P( X i ≠ Xni ) = ∑
∞

n= 1

P (|aniX i|> n-W/2 )≤

∑
∞

n= 1

n
W/T
E|aniX i|2 /T <<∑

∞

n= 1

n
- 1-W/T < ∞ .

Thus, according to the Borel-Cantelli lemma, Tn 1
a. s.

0,n→∞ .

　　 By Property 1. 1 and Property 1. 2, {X i - EXni , i

≥ 1 } is also a d
- -mixing random sequence and

satisfies the conditions of Lemma 1. 1.

Let q> max { 2 /T, 2 /θ, ( 2T- 2W) /(TW) } , by

Lemma 1. 1, Markov inequality , Cr inequality and

fo rmula ( 1)～ ( 3) ,

　　 P ( ∑
n

i= 1

ani (Xni - EXni ) > X) <<

E ∑
n

i= 1
ani (Xni - EXni )
q

<<∑
n

i= 1
E|ani ( Xni -

EX ni )|
q
+ ∑
n

i= 1
E (aniXni - ani EXni )

2 q /2

<<

∑
n

i= 1
E|aniX i|qI (|aniX i|≤ n-W/2 ) + ∑
n

i= 1
E|anin-W/2|q  

P(|aniX i|> n-W/2 ) + (∑
n

i= 1

a
2
ni )q /2≤

∑
n

i= 1

E|aniX i|2 /Tn-W(q- 2 /T) /2 +

∑
n

i= 1
|ani|
q+ 2 /T
n
W/T-Wq /2
E|X i|

2 /T
+ (∑
n

i= 1
a
2
ni )
q /2

<<

n
-Wq /2-W/T+ n-W/T- 3Wq /2-Tq /2 + n-θq /2 .

By q> max { 2 /T, 2 /θ, ( 2T- 2W) / (TW) } , w e have -

Wq /2-W/T< - 1, -W/T- 3Wq /2-Tq /2 < - 1, -θq /2

< - 1. Therefo re, we conclude that

∑
∞

n= 1

P ( ∑
n

i= 1

ani (Xni - EXni ) > X) < ∞ . Thus,

Tn2
a. s.

0,n→∞ . Finally, we prove that Tn 3
a. s.

0,n

→∞ . By formula ( 1)～ ( 3) and Markov inequali ty,

　　|Tn 3|= ∑
n

i= 1

E (aniX i - aniX ni ) ≤

∑
n

i= 1

E|aniX i|I (|aniX i|> n-W- 2 ) + ∑
n

i= 1

|anin-W/2| 

P(|aniX i|> n
-W/2

)≤∑
n

i= 1
E|aniX i|

|aniX i|2 /T- 1

n
-W( 2 /T- 1) /2 +

∑
n

i= 1
|ani|n

-W/2 E|aniX i|
n
-W/2 ≤∑
n

i= 1
E|aniX i|

2 /T
 

n
W( 2 /T- 1) /2∑
n

i= 1
|ani|2
E( X 1 ) << n-W/T-W/2 +

n
-θ→ 0,n→∞ .

Now w e complete the proof of Theorem 2. 1.
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　　 Theorem 2. 2　 Let 0 <T≤ 1, and {Xn ; n≥ 1} be

a d- -mixing sequence of identically dist ributed

random variables with

　　EX 1= 0, E|X 1|
2 /T

<∞ . ( 1)

And

　　|ani|≤Cn
-T-W

,n≥ 1, i≤n and 0 <W<T/2,

|ani|= 0, i> n. ( 5)

And there exists a constantθ> 0 such that

　　∑
n

i= 1

a
2
ni≤ Cn-θ , for all n, as 0 <T≤ 1 /2-W.

( 6)

Then

　　 Tn =
∧

∑
n

i= 1
aniX i
c

0,n→ ∞ .

　　 Proof　 Let

　　Xni=
∧

- nWI (ani X i < - nW)+ X i I (|ani X i|≤nW)+

n
W
I (aniX i> n

W) ,

then

　　 ∑
n

i= 1
aniX i > X= { ∑
n

i= 1
aniX i > X, i∶ 1≤

i≤ n ,|aniX i|> n
-W
}∪ { ∑
n

i= 1
aniX i > X,  i∶ 1≤

i≤ n,|aniX i|≤ n-W} ∪
n

i= 1
{|aniX i|> n-W}∪

∑
n

i= 1

aniXni > X=
∧
An + Bn .

Therefore, in order to prove the Theorem 2. 2, w e

have to prove only that

　　∑
∞

n= 1
P ( An ) <∞ , ( 7)

　　∑
∞

n= 1

P (Bn ) < ∞ . ( 8)

By formula ( 1) and formula ( 5) ,

　　 E (∑
n

i= 1
aniXni ) = ∑
n

i= 1
E (aniX i - aniXni ) ≤

∑
n

i= 1
E|aniX i|I (|aniX i|> n

-W
) + ∑
n

i= 1
|anin

-W
| 

P (|aniX i|> n
-W
)≤∑
n

i= 1
E|aniX i|

2 /T
n
( 2 /T- 1)W

+

∑
n

i= 1

|an in-W|
E|aniX i|2 /T

n
- 2W/T << n- 1-W+ n- 1-T-W→

0,n→∞ .

∑
∞

n= 1
P ( An )≤∑

∞

n= 1
∑
n

i= 1
P (|aniX i|> n-W)≤

∑
∞

n= 1
nP (|X 1|> cn

T
) = ∑

∞

n= 1
n∑
∞

j= n
P (cj

T
< |X 1|≤

c( j+ 1)
T
) = ∑

∞

j= 1
∑
j

n= 1
nE I (cj

T
<|X 1|≤ c( j +

1)
T
) <<∑

∞

j= 1
j
2
E(|X 1|/j

T
)
2 /T
I ( cj

T
< |X 1|≤

c( j + 1)
T
) = ∑

∞

j= 1
E|X 1|

2 /T
I (cj

T
<|X 1|≤

c( j + 1)
T
) << E|X1|

2 /T
<∞ .

In o rder to prove formula ( 8) , fi rst we show that

　　 E (∑
n

i= 1

aniXni )→ 0,n→∞ . ( 9)

By fo rmula ( 1) , formula ( 5) and Markov inequali ty,

　　 E(∑
n

i= 1
aniXni ) = ∑
n

i= 1
E(ani X i - aniXni ) ≤

∑
n

i= 1
E (aniX i ) I (|aniX i|> n

-W
) + ∑
n

i= 1
|anin

-W
| 

P(|aniX i|> n
-W
)≤∑
n

i= 1
E|aniX i|

2 /T
n
2 /T-W

+

∑
n

i= 1

|anin-W|
E|aniX i|2 /T

n
- 2W/T << n- 1-W+

n
- 1-T-W→ 0,n→∞ .

Hence, we need only to prove that

　　∑
∞

n= 1

P ( ∑
n

i= 1

(aniX i - aniXni ) > X/2) < ∞ , X

< 0. ( 10)

Let q> max { 2 /T, 2 /θ, 1 /|T+ W- 1 /2} , by Lemma

1. 1, Markov inequality, Cr inequali ty , formula ( 1)

and foumula ( 3) ,

　　 P ( ∑
n

i= 1

ani (Xni - EXni ) > X/2) <<

E ∑
n

i= 1

ani (Xni - EXni )
q

<<∑
n

i= 1

E|ani ( Xni -

EX ni )|q + (∑
n

i= 1

E [ (aniXni - ani EXni ) 2 ]q /2 <<

∑
n

i= 1
E|aniX i|qI (|aniX i|≤ n-W) + ∑
n

i= 1
|ani  

n
-W
|
q
P (|aniX i|> n

-W
) + (∑
n

i= 1
a
2
ni )
q /2
≤

∑
n

i= 1
E|aniX i|

2 /T
n
-W(q- 2 /T)

+ ∑
n

i= 1
|ani|
q+ 2 /T
 

n
2W/T-Wq
E|X 1|2 /T+ (∑
n

i= 1

a
2
ni )q /2 <<

n
- 1-Wq + n- 1-Tq+ (∑
n

i= 1

a
2
ni )q /2 . ( 11)

By fo rmula ( 6) , w hen 0 <T≤ 1 /2- W, then

　　 (∑
n

i= 1
a
2
ni )
q /2
≤ n

-θq /2
. ( 12)

By fo rmula ( 5) , w henT> 1 /2-W, then

　　 (∑
n

i= 1

a
2
ni ) q /2≤ n- q( 1- 2T- 2W) /2 . ( 13)
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　　这就说明不存在优于 AY + A0的非齐次线性

预测 ,故 AY+ A0 ～
ιH
SY 0 ( T ) .

　　推论 1　 考虑多元线性模型 ( Y , XB ,U|(B ,U )

∈ T ) .设 SY0是条件可预测 ,则 AY+ A0～
ιI
SY 0 ( T )

的充要条件是 ( i) _ ( A0 ) _ ( AX - SX 0 ) , ( ii )对所

有Γ∈ C* ,_ (Γ) _ ( ( AX - SX 0 )′) ,有 t r(Γ′( AX

- SX0 )+ A0 ) ≥ 0, ( iii) ( A - S′V+ ) X [ (X′D+

X ) - - I ] ( SX 0 - S′V+ X )′ ≥ ( A -

S′V+ )X [ ( X′D+ X ) - - I ]X′( A - S′X+ ) , ( iv )

rk ( AX - SX 0 ) (X′D
+
X - I )X′= rk ( AX - SX 0 ) ,

其中 D = V+ XX′.
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Combining q> max { 2 /T, 2 /θ, 1 /|T+ W- 1 /2|} and

formula ( 11)～ ( 13) , we know the formula ( 10) is

proved. So we complete the proof of Theo rem 2. 2.

　　 Becaused
- -mix ing sequences are mo re general

than N A sequences ord
* -mix ing sequences. So w e

have the following tw o co rollaries.

　　 Corol lary 2. 1　 Let 0 <T≤ 1, and {Xn ; n≥ 1}

be a d
*
-mixing o r NA sequence of identically

distributed random variables w ith EX 1= 0, E|X 1|
2 /T

<∞ . And|ani|≤Cn
- 2 /T-W,n≥ 1, i≤n and 0 <W<T/

2, |ani|= 0, i> n. And there exists a constantθ> 0

such that ∑
n

i= 1
a
2
ni ≤ Cn

-θ
, for all n. Then Tn =

∧

∑
n

i= 1
aniX i

a. s.
0,n→∞ .

　　 Corol lary 2. 2　 Let 0 <T≤ 1, and {Xn ; n≥ 1}

be a d
* -mixing o r NA sequence of identically

distributed random variables w ith EX 1= 0, E|X 1|2 /T

<∞ . And|ani|≤Cn- 2 /T-W,n≥ 1, i≤n and 0 <W<T/

2, |ani|= 0, i> n. And there exists a constantθ> 0

such that∑
n

i= 1

a
2
ni≤ Cn-θ , for alln , as 0 <T≤ 1 /2-W.

Then Tn =
∧

∑
n

i= 1
aniX i
c

0,n→ ∞ .
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