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On the saturation number of Hamiltonian path

DING Tianping, JIN Yalei∗, ZHANG Qian

(Mathematics and Science College, Shanghai Normal University, Shanghai 200234, China)

Abstract: Let F be a graph and graph G is said to be F -saturated if G is F -free. However, for any edge e ∈
E(G), G + e contains F . Let sat(n, F )= min{|E(G)|:|V (G)|=n and G is F -saturated}. We will show that there

exists sat(n, Pn)=

⌈
3n − 2

2

⌉
, where n ∈ K = {34, 35, 36, 37, 44, 45, 52, 53}, and we will construct a group of

hamiltonian path saturated graphs with the smallest size of order n, for n > 22.
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v�;'54` nhM7-�Kv F ,7�	

Ex(n, F ) = {G : |V (G)| = n, |E(G)| = ex(n, F ), G[ F -�Zv},

Sat(n, F ) = {G : |V (G)| = n, |E(G)| = sat(n, F ), G[ F -�Zv},

9=� ex(n, F ) = max{|E(G)| : |V (G)| = n, G[ F -�Zv}, sat(n, F ) = min{|E(G)| : |V (G)| = n, G[

F -�Zv }. ex(n, F ), sat(n, F )E� {v F -v�`Z�Z`� Ex(n, F ), Sat(n, F )E�[f:;#-
f:vg�

19413�TURÁN[1]\��$�Zv-e����z?vKp -v�`[v Tn,r -�` |E(Tn,r)|,�

�_�f:vg Ex(n, Kp)={Tn,r},9= Tn,r [z? r �v;D���'�9�-�;:�'' 1. 1964

3�ERDŐS0 [2]!G��Z`-J4��6.�	* 2 6 p 6 nT�Kp-�Z`[
(

n

2

)
−

(
n − p + 2

2

)
,

;#-f:vg Sat(n, Kp)=<�X�Kv Kp−2 + Kn−p+2.

$^�v�`~l^+Q1y�>�2-OC��=,�SEFH;1YO�-!S [3] . �B,�O
'�Z`~l-��@�;a'�A�g=* F [p)v-<��20083�PIKHURKO0 [4]���z?
?�vK2,3-�Z`h;#-f:v�z?>�v-�Z`~l-H
!S[ 20213 CHAKRABORTI

0 [5] ��z??�v Ks,t(s < t) ,#-�K|$�;' F [> Cl -<��FS l = 3, , C3
∼= K3,

ERDŐS0 [2]��j$�K3�Zv-~l�* l = 4T�19723�OLLMANN*} [6]=6.�* n > 5

T� sat(n, C4)=

⌊
3n − 5

2

⌋
. * l = 5T� CHEN[7−8] 6.�* n > 21T� sat(n, C5)=

⌈
10n − 1

7

⌉
. * l > 6

T� sat(n, Cl)-�A:L�.A�N C>r [�F�9''0' r->� 20213�MA0 [9]=M#��
�O' C>r-�Zv-|S�* l = nT�i�� nxv- Cn-�Zv (�wf'DU*<v) h�-HM
�`� CLARK0 [10] ;#	* n{''0' 36-5`c''0' 53-:`T� sat(n,Cn)=

⌊
3n

2

⌉
. i)

tTxP Isaacsv [11] ,+�3�f'DU*<v� LIN0 [12] $kgeE�Q�- nv�T-<��
6.�	

Vo 1[12] * n{''0' 20-5`c''0' 17-:`T� sat(n, Cn)=

⌈
3n

2

⌉
.

_-�Zv�[��-s19�� {&�_-|N�;p)�&�2�A,#9�Zv�`-H�
:�19863�KÁSZONYI0 [13]=}���v Sk -�Z`~l��z?�_�;#-f:v�uT�i)`
A7� k > 2; n"E'T Pk-�Z`~l�* n ∈ {22, 23, 30, 31, 38, 39, 40, 41, 42, 43, 46, 47, 48, 49, 50, 51}

Z n > 54 T� DUDEK 0 [14] M#� sat(n, Pn) -
m:� FRICK 0 [15] ,+ sat(n, Pn) -�~h
n ∈ {2, 3, 4, 5, 6, 7, 8, 9, 12, 13}T sat(n, Pn)-:�BURGER0 [16]6.� sat(n, Pn)-:��M#;#-f
:v�9= n ∈ {10, 11, 14, 15, 16, 17, 18, 19, 20, 21, 24, 25, 26, 27, 28, 29, 32, 33}. * n ∈ K = {34,35,36,37,

44,45,52,53}T� sat(n, Pn)-:EB|8�
�}I2rM#�Fx` n > 22-�`HM-U*<"��Zv��%$6. n ∈ {34, 35, 36, 37, 44,

45, 52, 53}T& sat(n, Pn) =
⌈

3n − 2
2

⌉
.
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1 ya n > 22U. Pn �[a

A�6.* n ∈ K = {34, 35, 36, 37, 44, 45, 52, 53}T8& sat(n, Pn) =
⌈

3n− 2
2

⌉
,�M#�`HM-

U*<"��Zv-�?N+B@�IB@��xP+ n > 22T-<���{r
 n > 22 -<��


j$�
1.1 Isaacs�dxm�

ISAACS[11] \�N+#�x{ 4k(k > 5, k {:`) -�BU*<>�Zv� 3��v{ Isaacs

v�lI Jk. Isaacsv-
mN+{	 V (Jk) = {vi : 0 6 i 6 4k − 1}, E(Jk) = E0 ∪ E1 ∪ E2 ∪ E3.9=�

E0 =
k−1⋃

j=0

{v4jv4j+1, v4jv4j+2, v4jv4j+3}, E1 = {v4j+1v4j+7, 0 6 j 6 k − 1},

E2 = {v4j+2v4j+6, 0 6 j 6 k − 1}, E3 = {v4j+3v4j+5, 0 6 j 6 k − 1}.

�F� J5 Fv 1hX	

v2

v6

v10v14

v18

v3v0v1

v7

v4

v5

v11
v8
v9v15

v12
v13

v19
v16

v17

w 1 Isaacsw J5

CLARK0{�,+x` n > 20-U*<>�Zv�
�F�-N+ ([12]=�&�f-N+): �
Isaacsv=qn 1K1�r Isaacsv-�s��.{�KIt��Fv 2hX�N xy ∈ E(G); z /∈ V (G).

! G(e) = (V (G(e)); E(G(e))),9= V (G(e)) = V (G) ∪ {z}, E(G(e)) = E(G) ∪ {xz, yz}.

� Isaacsv=qn 2K1�r Isaacsv-�K1�.{�KIt��Fv 3hX�N v ∈ V (G), v-

��61{ v1, v2, v3 ; w1, w2, w3 /∈ V (G). ! G(v) = (V (G(v)); E(G(v))), 9= V (G(v)) = V (G − v) ∪

{w1, w2, w3}, E(G(v)) = E(G − v) ∪ {v1w1, v2w2, v3w3, w1w2, w1w3, w2w3}.

	o 2[10] N e = v0v2, H G ∈ {Jk1 , Jk2(v14), Jk2(v14, v26), Jk3(v14, v26, v38)}, 9= k1 > 5, k2 > 9,

k3 > 13,; k1 � k2 � k3 
{:`�'[; G=D��K���-1 uZ v, G=&*� uZ v {:1

-�T� e-U*<"��

%!� 2�,	
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v

v1

v3

v2 w2

v1

v3

v2
w1
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w 2 � Isaacsw>ro 1 L2

x

y

x
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z

w 3 � Isaacsw>ro 2 L2

	o 3[14] *x` n ∈ {20, 28, 36, 38, 40, 44, 46, 48}c n{''0' 52-5`T�&*�K nxD

U*<v Gn &E	
(1) Gn [�K�Bv�
(2) Gn =&*�s� e = xy &E N(x) ∩ N(y) = Ø;;D����-1 uZ v,v Gn ∪ {uv}8&

�KT� e-U*<>�

	o 4[14] N G {&E!� 3 sq-v�, G′ = (V ′; E′) [�KU*<"��Zv�9= V ′ =

V (G) ∪ {z1, z2}, E′ = E(G) ∪ {xz1, yz2}.

	o 5[14] N G {&E!� 3 sq-v�, G′ = (V ′; E′) [�KU*<"��Zv�9= V ′ =

V (G) ∪ {z1, z2, z3}, E′ = E(G) ∪ {xz1, yz2, yz3, z2z3}.

	o 6[12] n > 20T�� 1=- Gn 8[U*<>�Zv�

� 1 zb n > 20/ Gn

m G4k+m(k = 5) G4k+m(k > 7)

0 J5 Jk

1 J5(v11v13) Jk(v16v18)
2 J5(v2) Jk(v0)
3 J5(v2, v11v13) Jk(v0, v16v18)
4 J5(v2, v7) Jk(v0, v4)
5 J5(v2, v7, v11v13) Jk(v0, v4, v16v18)
6 J5(v2, v7, v17) Jk(v0, v4, v8)
7 J5(v2, v7, v17, v11v13) Jk(v0, v4, v8, v16v18)

C�+* k{:`;m ∈ {0, 2, 4, 6}T�G4k+m+1 [r G4k+m =-�s� xy�.{�KIt�^
h,-v�{�,+ sat(n, Pn)-:��M#9�~	

	o 7[15] * n > 10T� sat(n, Pn)>
⌈

3n− 2
2

⌉
.

1.2 O~�{T^sWpiMa�T\�
{�c. n > 22T8& sat(n, Pn)=

⌈
3n − 2

2

⌉
,�M#jK!��
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	o 8 N G4k+m [� 1=-v�9= k > 5; k{:`�m ∈ {0, 2, 4, 6}.'[ G4k+m [�K�B
v�; G4k+m =&*�s� e = xy &E N(x) ∩ N(y) = Ø,;;D����-1 u, v,v G4k+m ∪ {uv}

8&�KT� e-U*<>�

�u %� 1 = G4k+m -N+8 G4k+m {�Bv� k = 5 T�N xy = v11v13; k > 7 T�N

xy = v16v18, '[& N(x) ∩ N(y) = Ø. %' G4k+m+1 [r G4k+m =-�s� xy �.{�KIt�^
h,-v�N z {r� xy �.{It�T
--1�%!� 6 �8�� 1 =- G4k+m+1 [U*<>

�Zv��;; G4k+m+1 =D����-1 vi Z vj(vi, vj 6= z), v G4k+m+1 ∪ {vivj} =8&U*<>
C4k+m+1 = (· · · , x, z, y, · · · ). * G4k+m =qn�u-� vivj ^�* G4k+m ∪ {vivj}=�Bb&U*<>
C4k+m = (· · · , x, y, · · · ).  $;'� 1= k > 5;{:`�m ∈ {0, 2, 4, 6}-v G4k+m 8&E	&*� e

V,;D����-1 vi Z vj , G4k+m ∪ {vivj}8&�KT� e-U*<>�

%!� 4Z!� 5,$� 1=- G4k+m N+x`''0' 22-U*<>�Zv�iM# sat(n, Pn)

-�KJ~�

	o 9 n > 22T� sat(n, Pn)6
⌈

3n − 2
2

⌉
.

�u <�N+#x` n > 22�;�`{
⌈

3n− 2
2

⌉
-U*<"��Zvi��6.rE�?<�

j$	

yl 1 n{5`�

% n {5`8 n − 2 > 20 �[5`�%'(K5`8��	! 4k + m -�W�9= k {:`

; m ∈ {0, 2, 4, 6},  $&*:` k1 Z m1 ∈ {0, 2, 4, 6} &E n − 2 = 4k1 + m1. N H [� 1 =x`
{ 4k1 + m1 -v�%!� 6 Z!� 8, H Z e = xy &E!� 3 -sq�N G = (V (G); E(G)), 9=
V (G) = V (H) ∪ {z1, z2}, E(G) = E(H) ∪ {xz1, yz2}. ,%!� 4, G[U*<"��Zv� $�

sat(n, Pn) 6 |E(G)| =
3(n − 2)

2
+ 2 =

⌈
3n − 2

2

⌉
.

yl 2 n{:`�

% n{:`8 n−3 > 20{5`�'[&*:` k2 Zm2 ∈ {0, 2, 4, 6}&E n−3 = 4k2+m2. NH ′[

� 1=x`{ 4k2 +m2-v�%!� 6Z!� 8, H ′Z e = xy&E!� 3-sq�NG′ = (V (G′); E(G′)),

9= V (G′) = V (H ′) ∪ {z1, z2, z3}, E(G′) = E(H ′) ∪ {xz1, yz2, yz3, z2z3}. ,%!� 5, G′ [U*<"��

Zv� $�
sat(n, Pn) 6 |E(G′)| =

3(n − 3)
2

+ 4 =
⌈

3n − 2
2

⌉
.

%�J�?<�!�,6�

Vo 10 n > 22T� sat(n, Pn) =
⌈

3n− 2
2

⌉
.
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�u %7� 7Z!� 9�,	 n > 22T� sat(n, Pn) =
⌈

3n − 2
2

⌉
.
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