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On the saturation number of Hamiltonian path
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(Mathematics and Science College, Shanghai Normal University, Shanghai 200234, China)

Abstract: Let F' be a graph and graph G is said to be F'-saturated if G is F'-free. However, for any edge e €
E(G), G + e contains F. Let sat(n, F)= min{|E(G)|:|V (G)|=n and G is F-saturated}. We will show that there
3n — 2—‘ where n € K = {34, 35, 36,37, 44,45, 52,53}, and we will construct a group of

hamiltonian path saturated graphs with the smallest size of order n, for n > 22.

exists sat(n, Pp,)=
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B, XFIEEH n RGEH—PE F, 2 XL
Ex(n, F) ={G : |[V(G)| = n, |E(G)| = ex(n, F),G J& F- {ufl&},

Sat(n, F') ={G : |[V(G)| = n, |E(G)| = sat(n, F'), G 5& F- ffE},

He, ex(n, F) = max{|E(G)| : [V(G)| = n,G & F-HfIE}, sat(n, F) = min{|E(G)| : [V(G)| = n. G &
F- M1 }. ex(n, F), sat(n, F) 3 5FF A B F @B ZEBEAE,  Ex(n, F), Sat(n, F) 53 3 & B A
WAE R 4.

1941 48, TURANUI & S5 AR & 9 BARBIF Y T 52 2 K, BE 22502/ T, B35 E(T, )|, 3F
ZIE T WAE R £ Ex(n, Kp)={T, .}, HH T, , 2584 r SBE HAEEW K/ ZHAIEAKT 1. 1964
ﬁaEMﬁ&%M%AT@ﬂﬁ%MﬁL#ﬁ%T=%2<p<nﬁyK}%@ﬂﬁ%<®—(n_gmj
XTI (AR A B 48 Sat(n, K,) U RELSG—AE Ko+ K pro.

bR, 22 B0 B2 S N AMA 23 H WO, IR T+ 8 HNBIRZI R B 5 —0rm, 56
FHAME BB EAXT A8, EEE PR F 2R RN L. 2008 45, PIKHURKO % M B33 T 564
R Ko 5 BARATE N AR (B 56 4 2 T IR B AR R I A B GRS 2021 4 CHAKRABORTI
% Pl BFoE e 4 R Kou(s < t) BHMBEASR. XM FEB C MR, WHRL =30 C; = K,
ERDOS % 2 B2 T Ks MRIEIR M. 241 = 48F, 19724F, OLLMANN ZE3C [6] FIEHI T % n > 5
Bf, sat(n, 04):{3" — 5J. 24 =5/, CHENI=SJEBIT 4 n > 21 B, sat(n7C5):Fon — 1] > 6
i, sat(n, C)) RORETRE MRS, B Co, R—IRKERTHT r 9B, 20214, MAZO fAHT —
ST Co - B AR. 41 = n i, BIBFSE n Y EIR O, - 1R & (IR ERS B 10 R Bk iy i
W%, CLARK % U0 8. 4 n K THT 36 BBECR THT 53 WHHET, satn,C,)= fﬂ fitfi7
L) Tsaacs [&] M A58 T X HepR K AEME BT AL LIN 85 U2 FIH- AL T/ n 85/ Net i 15 0L,
T -

I 40K 20 G T ST 1T WA, s Co=| |

WAL [ B TR B B R L —, DR SRS A 5 A A TRT B, P R B 15 AR PR Iy /)
18, 19864F, KASZONYI %5 131 hfiiiue T B S), WA SN, FFo2 %0 m 1 Xt R A E . R, i 1
BB T k> 2 Hn 70 KEE P BHFIERER. 24 n € {22,23,30,31,38,39,40,41,42, 43, 46, 47, 48, 49, 50, 51}
fln > 54 Bf, DUDEK % M 25T sat(n, P,) WEAMRME. FRICK %5 1) 53] sat(n, P,) TR I
n € {2,3,4,5,6,7,8,9,12,13} i} sat(n, P,) #/{&. BURGER % "SI JEH T sat(n, P,) B{E, 745 H X AH%
EHE, HAne {10,11,14, 15,16, 17, 18, 19,20, 21, 24, 25, 26, 27, 28,29, 32, 33}. 24 n € K = {34,35,36,37,
44,45,52,53} B, sat(n, P,) HIE A SR A A,

ASANEF R H—IRN B n > 22 BB WG BT AR AR 8], 1 GIERA n € {34, 35, 36,37, 44,

—2
45,52,53} B sat(n, P,) = F’"z w
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1 B¥in > 22 Bgy P, HfI4

FEIEHI Y n € K = {34,35,36,37,44, 45,52, 53} B# A sat(n, P,) = F’”; 2}, Frh KB E
e 5 0T 8 A SR [ B — P 3 v IR T LA B 0 > 22 RPAIETE, ARG n > 22 M RETL
Fritie.
1.1 Isaacs EREITE

ISAACS! T B Syt th T Wb (ke > 5. k REFE0 WS B B, FRoX —25E 2 Isaacs
B, CAE Ji. Isaacs BB LA E R V(J) = {v; : 0<i <4k — 1}, E(Jy) = By UE, UE, U Ey. HH,

k-1
Ey = U {v4jV4541, V404512, Va50a5 43}, B = {vaj4104547,0 < j < k — 1},
=0

Ey = {v4j12v4j46,0 < j <k — 1}, B3 = {v4j4304545,0 < j < k —1}.

B, Js mE 1 P

1 TIsaacs [ Js

CLARK %25 T3 210 % n > 20 BW& 2510 B AN BT HEAT T 40 F i9ARSE ((12) F G 2R B AR 38): 1]
Tsaacs EIHR N 1 5, O Tsaacs B — 25308 RN — 1 =MTF. W& 2 iR, By € E(G) H 2 ¢ V(G).
2 Gle) = (V(G(e)); E(G(e))), HH V(G(e)) = V(G) U{z}, E(G(e)) = E(G) U{zz,yz}.

] Isaacs I H R0 2 1, OBF Isaacs BIW— D G RA—D=ATE. WME 3R, &KoveV(G), vl
FEBTUEA vi,v2,v3 H wi,wa,ws ¢ V(G). & Gv) = (V(G©)); E(G(v))), HA V(G(v)) = V(G —v) U

{w, we, w3}, E(G(v)) = E(G — v) U{viwy, vaws, v3w3, w1 ws, w1ws, waws }.

S138 210 % e = wova, B G € {Jkys Jry (V14), Ty (14, V26), Ty (V14, Vo6, v38) Y, e k1 > 5, ko > 9,
k3 > 13, H ki ko ks ¥IATEL TEX G HAEEP DB A vl v, G PFETERL u Fil v K s
B2t i1 e NG 25 DB AR,

513 2 A[45:
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Vi Vi
Wi
V@ v V@ W
2
W3
V3 V3
B2 [4] Isaacs BIFHSAN 1 A5
X X
[ _ 4
y y

K 3 [a] Isaacs AT 2 P H

5138 30 YE g n € {20,28,36,38,40,44, 46,48} B n AR TEFT 52 (EE, FE—1 nBrdE

WS G AL
(D) G Be—A3L 77

() G FHIE—5%H e = ay TR N(z) " N(y) = O HAMEZAFATH & w A v, B G U {uwv} #H

—Aadih e RIS EE A

SIZ8 4 B/ G ONRSIE 3 KR, WG = (VS E) B—MRETSAREAE, Hh v =

V(G)U{z1,22}, E' = E(G) U{xz1,y22}.

5138 5 G OAWRSIE 3 KR, WG = (VS E) B—AMEEiigfRmmE, K v =

V(G)U{z1,292,23}, B/ = E(G) U{x21,y22,y23, 2223 }.
SIZE 6! n > 20/, R 1 G, H AR R 1A

F£1 WE¥n =20/ G,

m G4k+m(k‘ = 5) G4k+m(k‘ 2 7)

0 Js Jk

1 Js(viivis) Jx(vievis)

2 Js(v2) Jr(vo)

3 Js(v2,v11v13) Ji(vo, v16v18)

4 Js(v2,v7) Jr(vo, va)

5  Js(v2,v7,v11013) Ji (vo, v4,V16V18)

6  Js(ve,v7,v17) Ji (vo, va,v8)

7 Js(v2,vr,v17,v11v13)  Jr(vo, v4, Us, V16V18)

EEEY L REFHEm € {0,2,4,6} B, Garmr K Gaprm FRI—2R oy TR —A=AF)F

P& O T 133 sat(n, P) BIfE, SEA TR

SEE 70 Y > 100}, sat(n, Py)> P”z_ }
12 %R BN SRR 2 R E s
BT R > ﬂﬁ%ﬁmmﬂa{

2]%%&%4%@.
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SI¥E8 W Guprm T 1 HWE, Hk>5HEBHFE, me{0,2,4,6}. T/& Gapqm s&— NI
B, H Gurm PHEE—FH e =2y R N@)NN(y) = O, HXHMEB AR A v, v, B Gagrm U {uv}
EAE— il e ByVE ST .

WEBR W3R 1 Guprm WHER Gapym LT, k= 50, Way = vz k > TH, ®
zy = vigvis, T22H N(z) N N(y) = O. BT Gairmr1r BHF Guorm FH—FD vy T RA—H=AEF
FridayIE, B 2 A oy IR ZATERFIER A, mEIHE 6 WA, R 1 ) Gapgmtr N I
MIRTE, FHHEX Girpmer FAEBRHBHI A v T vj(vi,v; # 2), B Gappmer U {viv; } HERE WG 25 10 ]
Ciarrmsr = (-2, 2,9, ). TE Gapgorn PR B vivj JF, TE Gapgm U{viv, } ORI 2510 P
Cagpm = (- ymyy, ) HXTRIFE > 5 HRTFE, m € {0,2,4,6} BIE Gapm FRWEE: FFTED €
FEARXHAERAARMBAA vi 71 vj, Gapem U {viv; } FE — 1L 38 e WG 2101 B

HIGIEE 4 FISIBE S, FIR 1 FE Gaprn MWIEBEORT ST 22 (RS E B RAIE, B4 sat(n, P,)
H—A L5

B39 n> 220, sat(n, P)< F’”_ﬂ.

2
3n—2
2

i R%ﬁﬁ&%ﬁn>ﬂ#ﬁ@ﬁw[

i

]mﬁ%w%@@w@wﬂ.ﬁw%QWﬁ%ﬁ

B n ANEE

H oo FEREHA 0 -2 > 20 RMAE. @ TEMBEETUER 4k + m WX, Hd b hEFH
Hom e {0,2,4,6}, FIAFETE ki A1y € {0,2,4,6} R n — 2 = dky +mu. B H 23R 1 HHEL
A Ak +ma WA, HGIEE 6 MM 8, H Ml e = xy WRETIHE 3 WM. B G = (V(G),E(G)), HF
V(G) = V(H) U{z1, 22}, E(G) = E(H) U{xz1,yz}. WA G 4, G RIS HITERAE. K,

satn, ) < (@) = 222 o - |

2

3n—2
5 .

WR2 0 KA

1 AR 1 =3 > 20 H B TRAFEAE ke Fma € {0,2,4, 610 n—3 = dhp+ms. 2 H' 22
1 ks +mo B, TIFITE 6 RIBITES, HY A e = oy WRSITES B WG = (V(G'); B(G),
A V(G) = V) U (o120, 20}, B(G) = E(H') U {az1, yza,yza, 20}, WIMFIHL S, G R B M

ME. H,
3(n—3)

sat(n, P,) < |E(G')| = 5

. F’”_?]

2

H1 DA LR 00 5 | BEASE.

-2
EIE10 n > 220, sat(n,P,) = Fm -‘

2
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iEBA  pisEEE 7 MIGIHE 9 WS n o> 220, sat(njpn):{?m_z]
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