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Finite-dimensional reduction of a class of dissipative
dynamical systems
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Abstract: The paper considers a class of coupled system of semilinear evolution equations defined on infinite-

dimensional Banach spaces. A finite-dimensional invariant manifold of infinite-dimensional dynamical system gen-

erated by the coupled system can be used to derive a reduction principle. More precisely, making use of the invariant

manifold, we can obtain a finite-dimensional system (also called a reduced system), and clarify the connection of

attractor and equilibrium between the original system and the reduced system.
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0 � �

m�.lR+Y* (
Z@)B&GuDV�1A@N~wBR+�r�3'r"�Tb [1–4]. �

H { X %WcOB� Hilbert>��:T�e�euT}R+Y*Q
{

u′ = −Au + F (u, θ) 'HB,

θ′ = −νBθ + G(u, θ) 'XB,
(1)

rB� ν > 0%�e$+� (A,D(A)) { (B,D(B))]�% H { X �<fW+Beu3L� F { G>

$%[euB�3L A{ B 8��AB}���.;a'rq��Pu;a'�9gm��B4)u
��m��*_zB�oOF=�!'�\-'Bh]^*�Z@ (1)'����BvcN~MD�B
cq� Caginalpqg#Z@ [5−6] ��=uZ@ [7] � BoissonadeZ@ [8].

'Tb [ 6 ]B� WANG{ ZHAOLZ@ (1)�'t�}uAwr�'q�\=�Bwr^6_N
�cORrB9'uGD��u�3NRrB�/UGu��TS.H�/o(r�3Z@ (1) B�
cO$�V:��3WcOIJZ@B%��IJ{tNBa;YT9�%����RrBbj�6
_NyMD�nK]Y*B)�=+r �0�eo���Rr�BR
jM]'x"� CHUESHOV,

CONSTANTIN, FOIAS, HALE, HENRY, TEMAMDB�3kS�m�fBY*�Z@��Rr�8�%
�cO��Rr9'uBRp/+x"�Tb [6, 9–12]. H���Rr�?�4DV�@.�f!Wc
OIJZ@�0H6B�3��N�B�<K]Y*Z@BB1V:�0H6B�3�P�.~�
>s�o�7BYT@)9��3��m����Rr$�!DB�o0i��'N�34:TV:B
fCIJ{tNB�Jk8�m�3DVBjMe��K.<"�Tb [13–14].0��g@�$�!D
BDV{��A@NpXBR+�;A�9B%� CHUESHOV[7]6_N�e.l-~ –lXZ@=+
Y���RrB9'u��91N�e$�!D��AaZ@BIJ{tN<��8�w4[euj
B<�-~Y*@^*�L�s*.lB-~ –lXqZ@�'s*TbB�>[euj8�$tBc
@=�����Tb [2]B491BYT��A@NB1B(r�j/� � CARABALLOD [15] !T

b [7]B�3(rDp@N�B8��(��IB.l-~{lXT}Z@�
��3H�Tb [6]�GB�cORrB9'uGD�A@�e�cOZ@ (&9N$�Z@),�g

1N$�!D�,vN!Z@{$�Z@9�Y�L{o�)BmZ�

1 ��8�

� (·, ·)
H
{ (·, ·)

X
]��!Hilbert>�H{XBe�L�V+]�� ‖·‖

H
{ ‖·‖

X
�!�e>�

Z := H×X`�V+�‖z‖2
0 := ‖u‖2

H
+‖θ‖2

X
, z = (u, θ) ∈ Z.� A : D(A) ⊂ H → H, B : D(B) ⊂ X → X

%/G�eu3L�u −A(
 −B)% H � C0–�� e−At, t > 0(
 X � C0–�� e−Bt, t > 0)BW|n

�' �'Y�	mBw?^�!�*����N e−At { e−Bt. �[euj F : Z → H, G : Z → X %

3; LipschitzB�5[B LipschitzZ+]�N LF , LG.

Y* (1)0;V:B3;&Gu"�Tb [ 6 ]BGD 2.1. �3�9'�eWcOIJZ@ (Z, ϕt),

G�N ϕtz0 = z(t; z0), t > 0, z0 ∈ Z,rB z(·; z0)%Y* (1)0;V:BSu)�!g>� Z �]NMe

!]�

Z = {0} × Xu

︸ ︷︷ ︸
�UGL>�

⊕ H × Xs

︸ ︷︷ ︸
UGL>�

, (2)
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rB�Xu%X B�cOL>��Xs %XuB4"�>��G�@X = Xu ⊕Xs, dim (Xu) < ∞, Xs =

(Xu)⊥.� P �!4X @XuB4"B��QQ = Id
X
−P . ��L>�Xu{Xs'�� e−BtS�^%

��B�3L A{ B XP^=��
� 9' λ−

0 > 0,�A�

(Au, u)
H

> λ−
0 ‖u‖2

H
, u ∈ D(A); (3)

� (Q]u)9' λ− > λ+ > 0,�A�

(Bp, p)
X

6 λ+‖p‖2
X

, p ∈ Xu, (Bq, q)
X

> λ−‖q‖2
X

, q ∈ D(B) ∩ Xs. (4)

2 %�"E

E�H��cO��Rr (:Tt�}=�wr{q�\=�wr),]�A@L�B�cOZ@ (&

9N$�Z@),�,vN!Z@{$�Z@9�Y�L{o�)BmZ�
2.1 ve�|iYw


L σ > 0,G�I Θσ N Θσ =
{
(u, θ) ∈ Z; max{σ‖u‖2

H
, ‖Qθ‖2

X
} 6 ‖Pθ‖2

X

}
.`� Θσ % Z B�e�L

��� intΘσ �! Θσ Be!�L d0 > 0,QF % Z B�e[>L�u

F ⊂ H := {(u, θ) ∈ Z; ‖(u,Qθ)‖0 6 d0} .

^\%t�}uABbj�
[� 1 � (Z, ϕt)%�eIJZ@�r9' Z B�e[>L�F ,�A :

1) (I��u)LXP ϕtzi ∈ F , t > 0B zi ∈ F , i = 1, 2, z1−z2 ∈ intΘσ�QKϕtz1−ϕtz2 ∈ Θσ, t > 0;

2) (�}u)9'$+ N > 1, δ > 0, �ALXP ϕtzi ∈ F , t > 0 B zi ∈ F , i = 1, 2, ϕrz1 − ϕrz2 /∈

Θσ, r > 0�QK‖ϕtz1 − ϕtz2‖0 6 N‖z1 − z2‖0e−δt, t ∈ [0, r].

)&IJZ@ (Z, ϕt)XPt�}uA�
�*G�"�Tb [6],u�@^=��
(H1)L4�B t > 0{ p ∈ Xu, ϕt(0, p) ∈ F ;

(H2)'I Θσ ��IJZ@ (Z, ϕt)8�F �Bt�}uA�
���*Me=��Tb [ 6 ]g1IJZ@ (Z, ϕt)B�e��RrGD�aRr8� Lipschitzo

�uu%�cO+B��u8�6!iJNuA�
[o 1 ��=� (H1), (H2)'I�)9'�� T 1 : Xu → H, T 2 : Xu → Xs,�A :

1) L��B p1, p2 ∈ Xu, ‖T (p1) − T (p2)‖0 6
(
1 + σ−1

)1/2 ‖p1 − p2‖X
, ‖T (p1)‖0 6 d0, rB�

T = (T 1, T 2);

2) M := GraT ⊂ F '�R ϕt S�^%~d��B��L4�B t > 0, ϕtM = M,rB� GraT =
{
(T 1(p), p + T 2(p)); p ∈ Xu

}
%�� T BC ;

3)L'}� [t0,∞)�XP ϕtz0 ∈ F B z0 ∈ Z,9' z∗0 ∈ M,�A :

‖ϕtz0 − ϕt−t0z∗0‖0 6 N0e−δ(t−t0), t > t0,

rB� N0 > 0%
A� z0, z
∗
0 B$+�
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h7GD 1<7�LZ�e p0 ∈ Xu, Pθ(·;Φ(p0))%Y*Q (1)Bnur 

p′ = −νBp + PG(Φ(p)), p ∈ Xu (5)

B�e)�rB�
Φ(p) = (T 1(p), p + T 2(p)). (6)

U9�� p ∈ C([0,∞); Xu)%nur (5)B�e)�) Φ(p(·))%Y*Q (1)B�e)�Q F0 = {z ∈

F ;L4�Bt > 0, ϕtz ∈ F \ M}.G�@RrM�uA�L z0 ∈ F0,9' z∗0 ∈ M,�AL��B t > 0,

‖ϕtz0 − ϕtz∗0‖0 6 N‖z0 − z∗0‖0e−δt, ‖z∗0‖0 6
[
2 + (1 + σ)1/2

]
(d0 + ‖z0‖0).

^\B�Dg1� (6)4G��� Φ B�o��uA�
�o 1 Φ %3; LipschitzB�r LipschitzZ+N 1 +

(
1 + σ−1

)1/2
, Φ %�e?m��uL��B

z ∈ M, ‖Φ−1(z)‖X 6 ‖z‖0.

/%��GD 1B�e:&(r�6_U��D 1�QK��Xu 3 p 7→ PG(Φ(p))%3; Lipschitz

B�4�nur (5)<�'�eIJZ@��N (Xu, ϕt
r),�4RB “$�Z@”. ^\B�D%!NI

JZ@ (Z, ϕt)�r$�Z@ (Xu, ϕt
r)9�BmZ�

�o 2 LZ�e t > 0, ϕt
r = Φ−1 ◦ ϕt ◦ Φ.

�r Q p0 ∈ Xu. �GD 1 BB 2) <7�L4�B t > 0, ϕt(Φ(p0)) ∈ M. � p(t) = (Φ−1 ◦

ϕt ◦ Φ)(p0), t > 0.G�@ p(t) = Pθ(t; T 1(p0), p0 + T 2(p0)), ϕt(Φ(p0)) = Φ(p(t)). �3�A@(V p(t) =

e−νBtp0 +
∫ t

0 e−νB(t−s)PG(Φ(p(s)))ds. /�QK p ∈ C([0,∞); Xu) %Y*Q (5)'0�; p0 ^B�e
)�j/� ���M�u7V�<�A@LZ�e t > 0, p(t) = ϕt

rp0. A6�
��g1^(r�

[o 2 r$�Z@ (Xu, ϕt
r)8�3;Y�L Ar,)9' Z B[>-L� AlocXP :

1) Aloc'�R ϕt S�^%~d��B ;

2)L Z BZ�e�u�F0 B�+L�B,> t → ∞�� dist(ϕt(B), Aloc) → 0.

� 1 #��� Aloc = Φ(Ar).

�r �N�D 1�QK Φ %LzB�4� Aloc := Φ(Ar)' Z B%-B�j/� �H��D 2 {

Ar'�R ϕt
r S�^B~d��u<7 ϕt(Aloc) = Φ ◦ ϕt

r(Ar) = Φ(Ar) = Aloc, t > 0,�(V (1)'I��
6(V (2),QB ⊂ F0 % Z B�+L��� K = N

(
3 + (1 + σ)1/2

) (
d0 + sup

z∈B
‖z‖0

)
.L z0 ∈ B,� [ 6 ,

DV 3.1]<79' z∗0 ∈ M,�A ‖ϕtz0 − ϕtz∗0‖0 6 Ke−δt./(}�D 1{�D 2�uNLZ�e p ∈ Ar

{ t > 0,
‖ϕtz0 − Φ(p)‖0 6 ‖ϕtz0 − ϕtz∗0‖0 + ‖ϕtz∗0 − Φ(p)‖0

6 Ke−δt +
(
1 +

(
1 + σ−1

)1/2
)
‖ϕt

r(Φ
−1(z∗0)) − p‖

X
.

L p ∈ Ar,�^�+<�?1 dist(ϕtz0, Aloc) 6 Ke−δt +
(
1 +

(
1 + σ−1

)1/2
)

dist(ϕt
r(B̂), Ar),rB� B̂ =

{
p ∈ Xu; ‖p‖

X
6 (2 + (1 + σ)1/2)

(
d0 + sup

z∈B
‖z‖0

)}
% Xu B�+L��/G��N�D 1{ [ 6 , DV

3.1(2)].A6�
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2.2 tf�|iYw

��3L A, B XP=� (3){ (4).� λGap =

λ− − λ+

2
, λc =

λ− + λ+

2
.PF�NNY���

ΛGap = LF (λ−
0 − νλc)−1 + LG(νλGap)−1,

L0 = (1 − ΛGap)−1
(
LF (4νλGap(λ−

0 − νλc))−1/2 + LG(2νλGap)−1
)

.

[o 3[6] �� λ−
0 > νλc { ΛGap < 1,)9'�� T 1 : Xu → H, T 2 : Xu → Xs,�A�

1) T %3; LipschitzB� LipschitzZ+N L0,rB T = (T 1, T 2);

2) M := GraT '�R ϕt
p S�^%~d��B


3) M%�0G�B�8;@.�L z0 ∈ Z 9' z∗0 ∈ M,�A�

‖ϕt
pz0 − ϕt

pz∗0‖0 6 N(1 + ‖z0‖0)e−(νλc+ε)t, t > 0, (7)

rB� N, ε > 0%
A� t, z0, z
∗
0 B$+�

h7GD 3, <� Im�3;Y�LB$�!){o�)B�0UGu�G�@�D 1{�D 2

'>s�2^�%4�B�2N�� Φ B LipschitzZ+�<�N 1 + L0.

(_g1IJZ@ (Z, ϕt
p)�r$�Z@ (Xu, ϕt

r)9�3;Y�LB�e-k=��
[o 4 $�Z@ (Xu, ϕt

r)8�3;Y�L>u.>IJZ@ (Z, ϕt
p)8�3;Y�L�

�r h7GD 3BB 3), “��u”<�>s�eB1�GD 2B7V@6_�
�6-]u�� A%IJZ@ (Z, ϕt)B�e3;Y�L�� [ 6 ,G 5.3{b: 2.2]<7�

A ⊂ M. (8)

&^@6_ Ar := {Pθ; (u, θ) ∈ A} %$�Z@ (Xu, ϕt
r) B3;Y�L�`� Ar %[>B�3F��

A ' Z BB-uI�<�A@ Ar ' Xu BB-u�j/� �� (8) <7 A = Φ(Ar). <�Ra
ϕt

r(Ar) = ϕt
r ◦ Φ−1(A) = Φ−1(A) = Ar, t > 0.�5%.� Ar '�R ϕt

r S�^%��B��^>x6_
L Xu BZ�e�+L� B,> t → ∞�� dist(ϕt

r(B), Ar) → 0.G�@L��B z ∈ A, p ∈ B { t > 0,

‖ϕt
rp − Φ−1(z)‖

X
= ‖Φ−1 ◦ ϕt

p ◦ Φ(p) − Φ−1(z)‖
X

6 ‖ϕt
p ◦ Φ(p) − z‖0. 4P<�A@ dist(ϕt

r(B), Ar) 6

dist(ϕt
p ◦Φ(B), A)./(} Φ(B)% Z BB�+L�/�#�A@> t → ∞��dist(ϕt

p ◦Φ(B), A) → 0.

A6�
^\g1IJZ@ (Z, ϕt

p)�r$�Z@ (Xu, ϕt
r)9�Oo�)�0UGuB�e<k=��

[o 5 �� F (0) = 0, G(0) = 0. r$�Z@ (Xu, ϕt
r) BOo�)%�0UGB�)IJZ@

(Z, ϕt
p)BOo�)�%�0UGB�
�r G�@^l� 'I�

‖Φ(p)‖0 6 (1 + L0)‖p‖X
, p ∈ Xu, ‖ϕt

rp‖X
6 ‖ϕt

p ◦ Φ(p)‖0, p ∈ Xu, t > 0. (9)

� [ 6 ,GD 5.4],<7L z ∈ Z,9' z∗ ∈ M,�A�

‖z∗‖0 6 (1 + N)‖z‖0, ‖ϕt
pz‖0 6 ‖ϕt

pz∗‖0 + N‖z‖0e−(νλc+ε)t, t > 0. (10)
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&^@��
A� zB z∗�!>s�*YTA@B 2�LZ�e ε > 0,9' η > 0,�A�

‖ϕt
rp‖X

< 2−1(1 + L0)−1ε, t > 0. (11)

> p ∈ Xu ��XP ‖p‖
X

< η. :TXP ‖z‖0 < 2−1(1 + N)−1 min{ε, η}B z ∈ Z. �� (10)BBFQe
l� �<�A@ ‖z∗‖0 < η,�3� ‖Φ−1(z∗)‖

X
< η. /(} (9)BF�el� { (11)�QKL

4�B t > 0, ‖ϕt
pz

∗‖0 = ‖Φ ◦ϕt
r ◦Φ−1(z∗)‖0 6 (1 + L0)‖ϕt

r ◦Φ−1(z∗)‖0 <
ε

2
.4P� (10)BF�el�

 <7�L4�B t > 0, ‖ϕtz‖0 < ε.�5%.�Z@ (Z, ϕt)BOo�)%UGB�

&^@�� η̂ > 0, �ALXP ‖p‖
X

< η̂ B4� p ∈ Xu, � ϕt
rp → 0, > t → ∞. :TXP ‖z‖0 <

η̂(1 + N)−1 B z ∈ Z. H� (10)BFQel� <�A@� ‖z∗‖0 < η̂,�3 ‖Φ−1(z∗)‖
X

< η̂. 4P�>

t → ∞, ϕt
pz∗ = Φ ◦ ϕt

r ◦ Φ−1(z∗) → 0./G�@N Φ(0) = 0/�#���3�� (10)BBF�el�
 �A@> t → ∞�� ϕtz → 0. O�4�(r6AGDB(V�
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