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Existence of multiple positive solutions for bistable equations in
one-dimensional bounded domains

JIN Yi, LING Huihua, LU Junfan∗

(Mathematics and Science College, Shanghai Normal University, Shanghai 200234, China)

Abstract: In this paper, we study the positive stationary solutions of the bistable reaction-diffusion equation in

one-dimensional bounded domains. We construct some bistable nonlinear terms, and use phase plane analysis and

the theory of ordinary differential equation to prove the existence of multiple positive stationary solutions of the

corresponding equation.
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ut = ∆u + f(u), x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω,

(1)
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<D� f ]d|jP���� f ] [0, +∞)N3 Lipschitzcb�?)0 a0 ∈ (0, 1),W2�





f(0) = f(a0) = f(1) = 0, f ′(0) < 0, f ′(1) < 0,

f(u) > 0 (a0 < u < 1), f(u) < 0 (0 < u < a0),

)0 θ ∈ (a0, 1)W2
∫ θ

0

f(s)ds = 0.

(H)

~n (1)3'��p�n_ *�V;h����:�3;4' LyapunovLcMF�N��MFu
$9�B (�>�y~n^%)MF6 [1−2].  %�>~n (1)3;h��vJ�~n3��

{
∆v + f(v) = 0, x ∈ Ω,

v(x) = 0, x ∈ ∂Ω,
(2)

�A3Q�]��~n (1)�3;��B3��p$�
&>H3ZP�<�0C,!Q,�~n (2)@P��'!V8� [3−5]. �{P5}>�yM��

� (2)]S'>;Vb38�~n�v>
{

v′′ + f(v) = 0, −l < x < l,

v(−l) = v(l),
(3)

�l-�[3f^3P��� f , �%�;2Q�d�uQM��-;4�#~n (3) AE8�3)
0��v;4���-�

_t 1 >I�X;387b n, )0=03P��� f ,�u L∗ = L∗(f) > 0,W2>Ie l > L∗,

~n (3)@P' 2nV8��
�{8���Q~n (3)8�3p��B�8E�p`�;2Q�d�uQM��-;4;� 1.

1 9�4q��C

�l-~n (3)8�3�
p��B�>%�'J��-�
y� R v(x)x~n (3)38��4i.M���B�
1) v(x) = v(−x) (x ∈ [−l, l]);

2) v′(x) < 0 (x ∈ (0, l]);

3) 0 < v(x) < 1 (x ∈ (−l, l)).

�x �- 1)�Y� f(v)�b x3[V2#��- 3)&t=.��2�>*�- 2),�p`�;2
Q� [5] 2#��%`&sQ;4�

x a := v(0) > 0,�,"=~n�
{

v′′ + f(v) = 0,

v(0) = a, v′(0) = 0,

M�!�qU�� 2v′,�`&sQ�2�

(v′)2 + 2F (v) = C,
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<D� F (v) :=
∫ v

0

f(s)ds. m�7�0 x = 0U��2 C = 2F (v(0)) = 2F (a). ]�

v′ = ±
√

2F (a) − 2F (v), (4)

&o|�<�
F (v) < 0 (0 < v < θ), F (v) > 0 (θ < v < 1).

F

0 1 v
a b

s 1 F (v)5s�

Jr 1,L 0 < a < θ,4)0w� b ∈ (0, θ),W2 F (a) = F (b). �OR a 6 b,xWX (4)'����

a < v(x) < b (0 < x < l),

6+ v(l) = 0/@�L a = θ,q��<�

0 < v(x) < θ, v′(x) < 0 (0 < x < l),

0 v(x) → 0U�'�

v′ = −
√

2F (θ) − 2F (v) = −
√
−2F (v) ∼ −

√
−f ′(0)v,

6+ v(l) = 0 �/@� %?' a > θ ]�83�%U v(x) �E=* [0, a].  % v′(x) 6 0. L)0
x1 ∈ (0, l),W2

v′(x1) = 0 = −
√

2F (a) − 2F (v(x1)),

4 v(x1) = a,6�4 v(x) ≡ a (0 6 x 6 x1),'D'�

0 = v′′(x1) = −f(v(x1)) = −f(a), 0 6 x 6 x1.

+ f 3zR/@��v;4#�- 2).

&�B 2)�<0 [0, l]N'
dv

dx
= −

√
2F (a) − 2F (v),

��"Q���0 [0, x]NsQ2�
∫ a

v(x)

dr√
2F (a) − 2F (r)

= x, (5)
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m�7�0 x = lU� ∫ a

0

dr√
2F (a) − 2F (r)

= l,

;��
l = L(a) :=

∫ a

0

dr√
2

∫ a

r
f(s)ds

. (6)

%U��X; l,J_)0 aW2 (6)���}% a.K (5),50 (5)�]~n (3)3"X��FD>X;3
l,p` (6)g6A2 a3=�?�8)0AV a>#q�V l. }~nJj��X;�V a,A# l = L(a),

[3f^3 f ,W2'AV a��>#�q3 L,500~n (3)D3 lEx6�3 LU�U~n�'A
V��

2 BF9�4*1�

2.1 ue�m]lg
��,��3d|j~n�0o| (H)�;4~n (3)@P)0!V8��vx;� 2.

_t 2 >*.Mo| (H)3P��� f(v),)0 L∗ > 0,W2>Ie l > L∗,~n (3)@P' 2V8
��

�x �%�;2Q��<�0 (6)D a → θ+ o a → 1− U� L(a) → ∞.

( a = θ + ε,<D� εx/;3!Q	8Vb�

L(θ + ε) =
∫ θ+ε

0

dr√
2

∫ θ+ε

r
f(s)ds

>

∫ δ

0

dr√
2

∫ θ+ε

r
f(s)ds

,

<D� δ = δ(ε). &*
∫ θ+ε

r

f(s)ds =
∫ θ

0

f(s)ds +
∫ θ+ε

θ

f(s)ds −
∫ r

0

f(s)ds.

NX)=8��x 0,>i!�O\w��OR A1 < f(s) < A2, s ∈ [θ, θ + ε],�2�

A1ε <

∫ θ+ε

θ

f(s)ds < A2ε.

I�1 f(s)0 s = 0T' 2f ′(0)s < f(s) <
f ′(0)

2
s,

f ′(0)r2 =
∫ r

0

2f ′(0)sds 6
∫ r

0

f(s)ds 6
∫ r

0

f ′(0)
2

sds =
f ′(0)

4
r2 < 0,

h�
A1ε + 0 6

∫ θ+ε

θ

f(s)ds −
∫ r

0

f(s)ds < A2ε − f ′(0)r2,

1√
A2ε − f ′(0)r2

<
1√∫ θ+ε

r
f(s)ds

6
1√
A1ε

,
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E δ = ε1/4,*]
∫ δ

0

dr√
2

∫ θ+ε

r f(s)ds
>

∫ δ

0

dr√
2A2ε − 2f ′(0)r2

=
1√

−2f ′(0)
ln

δ +
√

δ2 − A2ε
f ′(0)

√
− A2ε

f ′(0)

>
1√

−2f ′(0)
ln

δ√
− A2ε

f ′(0)

=
1√

−2f ′(0)
ln

1

ε1/4
√
− A2

f ′(0)

,

0 ε → 0U�NX)=B*�@�v L(a) → ∞ (a → θ+).

q�7�>/;3!Q	8Vb ε,

L(1 − ε) =
∫ 1−ε

0

dr√
2

∫ 1−ε

r f(s)ds
>

∫ 1−ε

1−δ

dr√
2

∫ 1−ε

r f(s)ds
,

<D� δ =
√

ε > ε. x f(s)09 s = 1T' f ′(1)
2

(s − 1) < f(s) < 2f ′(1)(s − 1),h�
∫ 1−ε

r

f ′(1)
2

(s − 1)ds <

∫ 1−ε

r

f(s)ds <

∫ 1−ε

r

2f ′(1)(s − 1)ds,

∫ 1−ε

1−δ

dr√
2

∫ 1−ε

r
f(s)ds

>

∫ 1−ε

1−δ

dr√
−2f ′(1)[(1 − r)2 − ε2]

>
ln δ

ε√
−2f ′(1)

=
ln 1√

ε√
−2f ′(1)

,

0 ε → 0U�NXN)=B*�@�v L(a) → ∞ (a → 1−).

LN� L(a)0 v(0) = aP�� θd 1U<B*8�@ ({r 2). &* L(a)0 (θ, 1)7�;8E1
N	= L∗,0 l > L∗ U� L(a) = l@P' 2VY â1, â2 .M θ < â1 < â2 < 1,i1>#~n (3)3 2V8
� v̂1, v̂2,<D� v̂i .M v̂i(0) = âi (i = 1, 2). ;� 2;��

L(a)

0 1 a?

s 2 ?$ 2W�5 L(a)5s�

2.2 ��lv (_t 1)]�x
�	�}[3�
ma3P��� f ,W2~n (3)��'I�AV8��
( f Jr 3 hY�0 a ∈ [a1, a2] U� f(a) = ε (ε x/;3	�b). x S1 =

∫ a1

θ

f(s)ds, S2 =
∫ a3

a2

f(s)ds,�2�

L(a2) =
∫ a2

0

dr√
2

∫ a2

r
f(s)ds

>

∫ a2

a1

dr√
2

∫ a2

r
f(s)ds

=

√
2(a2 − a1)√

ε
→ ∞(ε → 0),



Vol.51, No.3 �Q�%kT�)�G��y'�C,Nd|jM�AE8�3)0� 299

L(a1) =
∫ a1

0

dr√
2

∫ a1

r
f(s)ds

=
∫ θ

0

dr√
2

∫ a1

r
f(s)ds

+
∫ a1

θ

dr√
2

∫ a1

r
f(s)ds

<
θ√
2S1

+
∫ a1

θ

dr√
2

∫ a1

r f(s)ds
,

L(a3) =
∫ a3

0

dr√
2

∫ a3

r
f(s)ds

=
∫ a2

0

dr√
2

∫ a3

r
f(s)ds

+
∫ a3

a2

dr√
2

∫ a3

r
f(s)ds

<
a2√
2S2

+
∫ a3

a2

dr√
2

∫ a3

r f(s)ds
,

'r 3�<�>!Q	3 ε0,0 ε ∈ (0, ε0]U<' L(a1) < M1(ε0), L(a3) < M2(ε0). a+ L(a)3r�,A
Jr 4hY�

f

0 a0

S1 S2a
a1 a2 a3 v1

s 3 ?$ 4W�5 f 5s�

L(a)

0 1a2 a?

s 4 ?$ 4W�5 L(a)5s�

E L∗ = max{M1(ε0), M2(ε0)},>Ie l > L∗,&>2Q��<�0 ε > 0!Q	U�' L(a2) > L∗.

] L(a) = l @P' 4 VY â1, â2, â3, â4 .M θ < â1 < â2 < â3 < â4 < 1,i1>#~n (3)3 4 V8�
v̂1, v̂2, v̂3, v̂4,<D v̂i .M v̂i(0) = âi (i = 1, 2, 3, 4).

�g7�R f �Jr 5hY�<D�0 a ∈ [a1, a2]∪ [a4, a5]U�f(a) = ε (εx/;3	�b). 'r 5

�<�>!Q	3 ε0,?� ε ∈ (0, ε0],�' L(a1) < M1(ε0), L(a4) < M2(ε0), L(a6) < M3(ε0) (a+ L(a)

3r�,AJr 6hY).

E L∗ = max{M1(ε0), M2(ε0), M3(ε0)},>Ie l > L∗,&>23Q��<�0 ε > 0!Q	U�'
L(a2) > L∗, L(a5) > L∗. ] L(a) = l@P' 6VY â1, â2, â3, â4, â5, â6 .M θ < â1 < â2 < â3 < â4 <

â5 < â6 < 1,i1>#~n (3)3 6V8� v̂1, v̂2, v̂3, v̂4, v̂5, v̂6,<D v̂i .M v̂i(0) = âi (i = 1, 2, 3, 4, 5, 6).

�%�t���[3f^3d|j f W2~n (3)@P)0 2nV��;� 1;��
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f

0 a0 a1 a2 a3 a4 a5 a6 v1?

s 5 ?$ 6W�5 f 5s�

0 1a2 a5 a?

L(a)

s 6 ?$ 6W�5 L(a)5s�
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