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Solution to a Non-convex Linear Quadratic
Optimal Control Problem with Constraint

ZHU Jinghao, ZHU Lidong
(Department of Mathematics, Tongji University, Shanghai 200092,
China)

Abstract; It is studied how to solve the optimal control
problem for a constrained linear system with a non-convex
cost functional. With Pontryagin’s maximum principle, a non-
convex quadratic programming is treated by a backward
differential flow. Then the optimal control is obtained by
solving a nonlinear differential boundary problem. An
algorithm is given corresponding to the mathematical process.
It follows by a numerical example.
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% () Ru(t) — bTu(t):|dt

s.t. X(¢) = Ax () +Bu(),x(0)=x, € R",
u) e U= (uldu<1)CR",t € [0,T].
Ho,A,BER”™,bER". Q€ R I FRF¥IE E 5
M, RER™ ™ RXFR4E M H 2 /08 — A M RRAEE

x() ER* REZE ,u(®) ER™ HIEFHITE.

Z BRI T R B (LQ) S 3 i [R] X F #2461
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uM=u, = R+pIl) ' (b—B"2), (6)
Ht,o B p>—a WWHR a" (pu (p) = (b—
BT (R+ol) ? (b—BTA)=1 KM —E AR Ti#
rank(R—a; I) =rank(R—a, I,b—B™1) , %€ X .

uMDd=u* =Gv*,

XH,G I 2 PTG IERMERE, v = (v 05 ,
U U s U )T ATRAR AT : A (v 505 5000,

e )T RERAT T W IEE AL R (P) iR LM%, 10
R= diag(pn —a1spz —ars s —a1)
fi= (G G FOOT,
S EBURCIICIL Qo AKX
AR f, <1,
R+oD ' fo, IR f> 1.
)
Hef, o Y po>0 BEHRR fT (Rl 2 fi=1 (M
—IEHR. T vy = - 1 —
D7 (v
i=1
SRIE B AT 8 02 Ty R {2 ) AR A T e
X =Ax+Bu(i),i =—A"A—0Ox,
x(O): Xo yl(t) = 0. (8)
Hebru) hEX 1 FraH. ic

- (= (24 (5, %)

I 0 0 0
!
0 0 0 I

gY)= I,0)"Bu((0,DY).
Heeb, T AR SE B B 9 AT S B4, O SRAH B B B
KR &, WA ERE @) WHE K
Y — AY +g(Y),HY(O)+HY® =Y, (9
EE 2 HHy A EIEREOFE.
{EBR 4R RREL () =i JE det[H @ (0)+

0
A’l‘T] s FoH, o YRR AH N 4

Rf,
('Ul* "UZ* 9"'9'1}12e )T _{

=9, =0, v, =

I
H,®(T)]=det [
*

e
BOTEFT AR AERE. RN TR R Y =AY [
RYD) =0 [ H &) +H,®(T) ] 'Y,. H Green
@ﬁ[7]ﬁ:
— O [H,®(0)+ H,d(t) ] H, D)
D'(s), 0 t<s<T,
@) {I— [H;®(0)+ H,®() ] 'H,
DD (s), 0<Ts<<r<KT.

G(t,s)=

WA RO 4 T B J7 R
Y = JZG(t,s)g (Y(s))ds.

HlgeWI<Clu LG 5
1G () |<C ||| (2n+ | [H DO+
Ho(MD]1) =G,

(10)

g
T
IYOI< [ 16,9 1180 () | &< TCCG = M
HFYEXH WO = [ 610X (9)ds. %
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0. 542 (£) — 0. 543 (1) +u2(t):|dt

sot. (D) = w (1), 2, () = 2u1 (1), (0)= 2,
22(0)=0,ul (D) +u3 () < 1,2 € [0,1].
28, Z 0K Hamilton pRECH H(x,u,A)

=12 u; +xt +ak—0. 522 —0. 518 +u,. 5 WL
i 6] % B8 i% 1. rank (BT ,b) =2>rank(BT) =1.
FEER b—B"A=(—A1—24:,—1)7,18%) rank(R+
D =0<rank (R+1,b—B"2). @3 R (6)I5 ud).
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Tab.1 The numerical results of Example 1

Z1 x2 A1

A2 u Uz

t

0 2.000 0 0 3.497 0 —1.006 0 —0.829 4 —1.6589
0.10 1.920 9 —0.158 1 3.1050 —0.989 9 —0.747 4 —1.494 9
0. 20 1.8512 —0.297 5 2.728 0 —0.944 1 —0.643 1 —1.286 2
0. 30 1.792 7 —0.414 5 2.263 8 —0.8725 —0.526 2 —1.052 5
0.40 1.745 9 —0.508 1 2.0101 —0.779 8 —0.4107 —0.8214
0.50 1.710 2 —0.5797 1.664 7 —0.670 7 —0. 307 6 —0.615 2
0. 60 1.683 9 —0.632 3 1.325 4 —0.549 1 —0.2214 —0.442 7
0.70 1.665 3 —0.699 3 0.990 6 —0.418 8 —0.151 2 —0.302 4
0. 80 1.6532 —0.693 6 0.658 8 —0.282 3 —0.093 8 —0.187 2
0. 90 1.646 3 —0.707 4 0.3290 —0.142 1 —0.044 8 —0.089 6
1.00 1.644 1 —0.7118 0 0 0
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