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Some irreducible representations of GL2(C)
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Abstract: Let G = GL2(C), and let B be the standard Borel subgroup of G, and let CG (resp. CB)

be the group algebra of G (resp. B) over the field of complex numbers. For any character θ of B, define

the naive induced module M(θ) = CG⊗CB θ. In this paper, we prove that if θ is antidominant, then

M(θ) is irreducible. Thus, we give a class of new infinite-dimensional irreducible representations of

GL2(C).
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1 Introduction

The classification of irreducible representations (up to isomorphism) of a given group is a fundamental problem

in the representation theory. Let G be a connected reductive group over a field k, e.g. GLn(k), SLn(k). The

representation of G plays a prominent role in various areas of mathematics such as algebraic geometry and number

theory. In the case k = F̄q , the algebraic closure of Fq (Fq is the finite field of q elements) or k = C, the field of

complex numbers, the irreducible rational representations of G was classified by CHEVALLEY in 1958[ 1 ]. In 1973,

BOREL and TITS classified all finite-dimensional irreducible representations of G when k is an infinite field and thus

verified a conjecture of Steinberg [ 2 ]. In the case k = Fq, the classification of irreducible ordinary representations of

G was given in [ 3 ] by DELIGNE and LUSZTIG, and the classification of irreducible modular representations was

given in [ 4 ] by ROUQUIER and BONNAFE.

Despite the fruitful results mentioned above, little was known about the infinite-dimensional irreducible repre-

sentations of G when k is an infinite field. In 2014, XI began to study the infinite-dimensional representations of

G when k = F̄q. He constructed such representations (in particular, the infinite-dimensional Steinberg modules)

via the union of irreducible representations of the finite groups G(Fqr )[ 5 ]. XI showed that the infinite-dimensional

Steinberg module is irreducible if the base field is of characteristic zero or characteristic of Fq. In 2015, YANG

proved in [ 6 ] that the infinite-dimensional Steinberg module is irreducible for any base field when k = F̄q . Let

B be the standard Borel subgroup defined over Fq and k′ is another field, and let θ be a character of B, and define

M(θ)k′ = k′G⊗k′B θ. Assume that k = F̄q. In 2019, CHEN and DONG proved in [ 7 ] that M(θ)k′ has finite length

and determined all composition factors when the characteristic of k′ is not equal to that of F̄q , and M(θ)k′ may have

infinite length when k′ = F̄q. In [ 8 ] and [ 9 ], CHEN and DONG determined the decomposition of M(tr)k′ for any

field k′ when M(θ)k′ has finite length. Recently, CHEN classified all irreducible kG-modules with B-stable line

when k = k′ = F̄q
[10].

In this paper, we deal with k = k′ = C and G = GL2(C). Let θ be a character of B, we give a sufficient

condition for the irreducibility of M(θ) = CG ⊗CB θ. This paper is organized as follows: in section 2, we recall

some basic facts of group representations, and give the main result. In section 3, we recall the Bruhat decomposition

for GL2(C) which will be frequently used later. In section 4, we give the proof of the main result.

2 Basic definition and main result

In this section, we recall some basics for group representations and the structure of reductive groups. Let V be
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a vector space over the field C of complex numbers, and let GL(V ) be the group of invertible linear maps of V , and

let G be a group, with identity element 1.

Definition 1 (linear representation). A linear representation of G is a group homomorphism

ρ : G → GL(V ), g 7→ ρ(g).

For all v ∈ V, ρ(g)v is abbreviated to gv. When ρ is given, we say that V is a representation space of G (or even

simply, by abuse of language, a representation of G).

Definition 2 (sub-representation). Let W be a subspace of V , then W is called a sub-representation of V if

gw ∈ W for all g ∈ G and w ∈ W .

Definition 3 (irreducible representation). Let V be a representation of G, V is said to be irreducible if the

only sub-representations of V are {0} and V .

We denote by CG the group algebra of G over C. It is well known that a representation of G is identified with

a CG-module, and we will indiscriminately use the terminology “linear representation” or “module”.

Definition 4 (induced representation). Let H be a subgroup of G, and let W be a left CH-module. Then the

tensor product of the right CH-module CG and the left CH-module W

CG ⊗
CH

W

is a left CG-module which is denoted by IndG
HW , and is called the induced representation from CH-module W .

Following the notation above, it is well–known that a basis of the induced representation is given by the follow-

ing proposition (cf. [11]).

Proposition 1 Suppose that {wi | i ∈ I} is a basis of W and {gjH | j ∈ J} is the set of left cosets of G with

respect to H . Then the set

{gj ⊗ wi | i ∈ I, j ∈ J}

forms a basis of IndG
HW .

One of the most commonly used methods to get a new representation of G is to study the induced representations

from some subgroups of G.

Let G = GL2(C) and let B be the standard Borel subgroup of G (the set of upper-triangular matrixes in G).
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Then B = U o T, where

U =
{(

1 a
0 1

)
| a ∈ C

}
, T =

{(
c 0
0 d

)
| c, d ∈ C×

}
.

Since U is a normal subgroup of B, we have the natural homomorphism π : B → T and kerπ = U. Let

θ̄ be a homomorphism from group T into group C×. Then the pullback of θ̄ by π, denoted by θ for convenience

(θ = θ̄ ◦ π), is a group homomorphism from B into C× i.e. a character of B.

Let Cθ be the 1-dimensional space affording the character θ. We are interested in the induced module CG⊗CB Cθ

which is denoted by M(θ). A nature question is whether M(θ) is an irreducible module.

Definition 5 (antidominant). A character θ of B is called antidominant if there is an n ∈ Z>0, such that

θ

((
t 0
0 t−1

))
= t−n,

for all t ∈ C×.

The main result of this paper is the following theorem.

Theorem 1 If θ is antidominant, then M(θ) is irreducible.

3 Bruhat decomposition of GL2(C)

For any reductive group of G, one has the Bruhat decomposition (cf. [12, Chapter 8]). In this section we recall

the Bruhat decomposition of GL2(C). In order to get a basis of M(θ), We need to understand G/B. Let B\G/B

be the set of double cosets of G with respect to B.

It is well known that

G = B ∪ BsB,

where s =
(

0 1
1 0

)
, which is called Bruhat decomposition of GL2(C).

Proposition 2 There is a bijection φ : U × {s} ×B → BsB.

Proof Let b1sb2 be an arbitrary element of BsB. Since B = U o T, we have b1 = ut where u ∈ U, t ∈ T,

then b1sb2 = utsb2 = us(stsb2), where us(stsb2) ∈ UsB. We define φ((u, s, b)) = usb which is a bijection.

Combining G = B ∪ BsB and proposition 2. We see that the set of all represent elements of cosets in G/B

can be written as {I2} ∪ {us | u ∈ U}. For any a ∈ C, we set ε(a) =
(

1 a
0 1

)
∈ U.
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Proposition 3 For any a ∈ C× we have

sε(a)s = ε(a−1)s
(

a 0
0 −a−1

)
ε(a−1). (1)

Proof First, the left side of (1) equals to

sε(a)s =
(

0 1
1 0

)(
1 a
0 1

)(
0 1
1 0

)
=
(

1 0
a 1

)
∈ G,

and the right side of (1) equals to

(
1 a−1

0 1

)(
0 1
1 0

)(
a 0
0 −a−1

)(
1 a−1

0 1

)
=
(

1 0
a 1

)
,

and thus the result is proved.

4 Proof of the main result

Throughout this section, we assume that θ is antidominant. In order to show that M(θ) is an irreducible CG-

module, it is enough to show M(θ) = CG.x for any 0 6= x ∈ M(θ). Since the set of all representatives of cosets in

G/B can be written as {I2} ∪ {us | u ∈ U} and proposition 1, we see that {us ⊗ 1 | u ∈ U} ∪ {1 ⊗ 1} forms a

basis of M(θ). We abbreviate us1 for us ⊗ 1, 1 for 1 ⊗ 1, then we have

x = l1 +
r∑

i=1

ciε(ai)s1 where l, ci ∈ C, r ∈ Z>0.

Since x 6= 0, l and ci are not all equal to 0. If all of the ci are equal to 0, then x = l1 with l 6= 0 and we get

CG.x = CG.1 = M(θ), the proof is finished.

Now we suppose that ci are not all equal to 0. Since θ = θ̄ ◦ π and kerπ = U, we have ε(a).1 = 1. Since {ai}

is a finite set, we can take a ∈ C such that

0 6= (1 − ε(a)) .x =
r∑

i=1

ci [ε(ai) − ε(ai + a)] s1 ∈ CG.x .

Without loss of generality, we can assume that x =
r∑

i=1

kiε(ai)s1 (otherwise we replace x by (1 − ε(a)) .x for a

suitable choice of a).

The following idea is motivated by [13, proposition 5.4].

Lemma 1 If x =
r∑

i=1

kiε(ai)s1, then we have
r∑

i=1

kis1 ∈ CG.x .

Proof Let mi = kis1, then we have

x = ε(a1)m1 + ε(a2)m2 + · · · + ε(ar)mr ∈ CG.x .
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Using the formula
(

d 0
0 1

)(
1 a
0 1

)(
d 0
0 1

)−1

=
(

1 ad
0 1

)

and noting that

(
k 0
0 1

)
ε(ai)s1 =

(
k 0
0 1

)(
1 ai

0 1

)(
k 0
0 1

)−1(
k 0
0 1

)(
0 1
1 0

)
1

=
(

1 kai

0 1

)(
0 1
1 0

)(
0 1
1 0

)(
k 0
0 1

)(
0 1
1 0

)
1

=
(

1 kai

0 1

)(
0 1
1 0

)(
1 0
0 k

)
1

= θ

((
1 0
0 k

))
ε(ai)ks1,

we have

(
k 0
0 1

)
.x = θ

((
1 0
0 k

))(
ε(a1)km1 + ε(a2)km2 + · · · + ε(ar)kmr

)
∈ CG.x.

Thus, we have

ε(a1)km1 + ε(a2)km2 + · · · + ε(ar)kmr ∈ CG.x for k = 1, 2, · · · , r. (2)

Let zi = ε(ai) ∈ CU, i = 1, 2, · · · , r and σk =
∑

16i1<i2<···<ik6r zi1zi2 · · · zik
∈ CU, k = 1, 2, · · · , r.

Using the identity

(zk − z1) (zk − z2) · · · (zk − zr) = 0, k = 1, 2, · · · , r ,

we have

zr
k − σ1z

r−1
k + σ2z

r−2
k + · · · + (−1)rσr = 0, k = 1, 2, · · · , r.

Then we obtain the aligns

(
zr
1 − σ1z

r−1
1 + σ2z

r−2
1 + · · · + (−1)rσr

)
m1 = 0,

(
zr
2 − σ1z

r−1
2 + σ2z

r−2
2 + · · · + (−1)rσr

)
m2 = 0,

· · ·

(
zr

r − σ1z
r−1
r + σ2z

r−2
r + · · · + (−1)rσr

)
mr = 0.

Adding the equations above, we obtain

(−1)rσr

(
r∑

i=1

mi

)

= (−1)rσr−1

r∑

i=1

zimi + (−1)r−1σr−2

r∑

i=1

z2
i mi + · · · + σ1

r∑

i=1

zr−1
i mi −

r∑

i=1

zr
i mi . (3)
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Since

σr = ε(a1)ε(a2) · · · ε(ar) = ε(a1 + a2 + · · · + ar)

is invertible, combining (2) and (3), we obtain

m1 + m2 + · · · + mr ∈ CG.x,

and the result is proved.

By lemma 1 we have
r∑

i=1

kis1 ∈ CG.x . If
r∑

i=1

ki 6= 0, then s1 ∈ CG.x, thus CG.x = M(θ).

Now we assume that
r∑

i=1

ki = 0, it is clear that there is a c ∈ C such that ai + c 6= 0 for all ai. For such c, we

have sε(c)1.x =
r∑

i=1

kisε(ai + c)s1.

By proposition 3,

sε(a)s =
(

1 0
a 1

)
= ε(a−1)s

(
a 0
0 −a−1

)
ε(a−1),

and since θ is antidominant, we have θ

((
t 0
0 t−1

))
= t−n.

Combining these, we have

sε(c)1.x =
r∑

i=1

kisε(ai + c)s1 = θ

((
1 0
0 −1

)) r∑

i=1

ki(ai + c)−nε((ai + c)−1)s1.

Now, if there exists c ∈ C such that
r∑

i=1

ki(ai + c)−n 6= 0, then we can replace ki with ki(ai + c)−n, and the

proof is finished. To see this, it is enough to show the following lemma.

Lemma 2 Let {fi(x) = (ai + x)−n | i = 1, · · · , r} be a finite set of complex value functions, then {fi(x)}

are linearly independent.

Proof The Wronsky determinant of {fi(x)} is

W (x) =

∣∣∣∣∣∣∣∣∣

f1(x) f2(x) · · · fr(x)
f

′

1(x) f
′

2(x) · · · f
′

r(x)
...

...
...

fr−1
1 (x) fr−1

2 (x) · · · fr−1
r (x)

∣∣∣∣∣∣∣∣∣

= C

∣∣∣∣∣∣∣∣∣

(a1 + x)−n (a2 + x)−n · · · (ar + x)−n

(a1 + x)−(n+1) (a2 + x)−(n+1) · · · (ar + x)−(n+1)

...
...

...
(a1 + x)−(n+r−1) (a2 + x)−(n+r−1) · · · (ar + x)−(n+r−1)

∣∣∣∣∣∣∣∣∣

,

where

C =
r−1∏

i=1

i−1∏

k=0

(−1)i(n + k).
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Let x = 0, we have

W (0) = C

∣∣∣∣∣∣∣∣∣

a−n
1 a−n

2 · · · a−n
r

a
−(n+1)
1 a

−(n+1)
2 · · · a

−(n+1)
r

...
...

...

a
−(n+r−1)
1 a

−(n+r−1)
2 · · · a

−(n+r−1)
r

∣∣∣∣∣∣∣∣∣

= D

∣∣∣∣∣∣∣∣∣

1 1 · · · 1
b1 b2 · · · br

...
...

...
br−1
1 br−1

2 · · · br−1
r

∣∣∣∣∣∣∣∣∣

,

where

bi = a−1
i , D =

r∏

j=1

bn
j

r−1∏

i=1

i−1∏

k=0

(−1)i(n + k).

Since ai 6= aj (i 6= j), bi 6= bj , we have W (0) 6= 0, thus f1(x), f2(x), · · · , fr(x) are linearly independent.

Thus, by lemma 2 there exists c ∈ C, such that
r∑

i=1

ki(ai + c)−n 6= 0. then the theorem is proved.
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