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The Confirmation of Two Conjectures about the
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Difference Equation x,,.,=
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Abstract; Every non-negative solution of the difference equation z,;, =

1, where C € (0, + ©©), is bounded.
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n=20,
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1 Introduction

In this note,we consider the difference equation

s — a + ﬁ‘rn + yxn‘l _— Y,
x"+1_A+an+C1'",_1’ n=0,1, 1.1)

where a,ﬂ,)’,A,B,C & [0900) with a -+ ﬁ 7 79 A
+ B+C € (0,00) ,

x, are arbitrary non-negative real numbers such that

and the initial conditions z_, ,

the denominator of Equation(1. 1) is never zero. The
following conjectures in the reference [ 1] are
introduced.

Assume that C € (0,00). Then

every solution of Equation(1. 1) is bounded.

Conjecture 1%
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Assume that a9ﬁ7A9B E (Ov

o0). Show that every positive solution of each of the

Conjecture 2"

following two equations is bounded.

LR Pt gy %

Zpt1 = AF 2 n=0,1, €12
W e B a1

Lpgy = an_+_xn_l n= 0,1, GE3)

It is obvious that when Conjecture 1 holds,
Conjecture 2 holds naturally. Hence, it is sufficient to
prove conjecture 1.

The aim of this paper is to confirm the above
conjectures ,namely ,

Theorem Assume C € (0,00). Then every

non-negative solution of Equation(1. 1) is bounded.
2 Main result

Firstly ,we prove the following lemmas which are
the special cases of Equation(1. 1) and are interesting
in their own rights.

Lemma 2.1 Assume?=B=0,p=C=1, A
> 0. In this case, Equation(1.1) reduces to
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Then every non-negative solution of Equation(2. 1) is
bounded.

Proof Let {x,};=_, be a non-negative solution of

A2+1)

= 0] yoee

Equation (2. 1). Suppose, for the sake of contradiction,
that {x,},- _, is not bounded,then there exists a sub-

oo

sequence {z, }iZ, of {z,};2_, with }ijgx,.iH = oo and
Zy 41 > Ty forall —1<<m <n + land alli = 0,1,
2,+++. Equation(2. 1) implies that (A + z, )z, =
a + z,, note that A > 0, we have }ijgx,,'_ = oo,
Similarly , we get }iex,.i_l = oo, Hence for 7 sufficiently
large, we have 0 < e
ey (Lor A P
At 2o,

contradiction. Hence {z,};> _, is bounded. The proof is

Z, p

which is a

e a0

completed.

Lemma 2.2 AssumeY=B=A=0,=C=
1,a > 0. In this case,Equation(1. 1) reduces to

e
n—1

Then every non-negative solution of Equation(2. 2) is
bounded.

Proof Equation(2. 2) is a special case of z,., =

a + fz,
an—l

Hence it possesses the invariant

| R PR O %)(1 . 5 %) i

[ g

Ligeh ] — ot — 0919"' (2.2)

— Lyness’Equation (see the reference[2]).

Constant for alln =0,1,2,+** The proof is completed.
Lemma 2.3 Assume? =B=A=a=0,8=
C = 1. In this case, Equation(1. 1) reduces to

(2.'3)

I’l
s g x—,n = 0,19"'
=1

Then every non-negative solution of Equation(2. 3) is
bounded.

Proof In view of Equation(2. 3) ,we get z,4; =
1/%y—y = 1/(1/2,—5) = x,—sforn =4,5,++. It is easy
to see that every positive solution of Equation(2. 3) is
periodic with period six. Hence every solution of
Equation(2. 3) is bounded. The proof is completed.

Now ,we prove the main result of this paper.

Proof of Theorem In order to prove the
theorem, we consider the following cases of Equation
(1.1

Casel B> 0,A>0. Let {z,});>_, be a non-

;EAE 2006458 F13EE2M

negative solution of Equation (1. 1). Then z,,, =

a + ﬂxn + 7.1',,_1
A + Bxu + an—l

from which we reach the conclusion.
Case 2 B > 0,A = 0,a = 0. In this case,

Equation(1. 1) reduces to

i
= Bz, + Yz, n= 0,1,

Z,
= an + C‘rn—l :
Let {z,};-_, be a non-negative solution of Equation

(2. 4) U Thetla = B+ Yz

g%-i—%-l—%,foralln}m

(2.4)

B 7
5 o = B + C for all

n == 0, from which we reach the conclusion.
Case 3 B > 09A - 0,0 > 097 > D; <JIn thlS

case, Equation(1. 1) reduces to

* =a+,3x,,+7x,,_1n_01m
n+1 Bx"_‘}_(:x”“1 9§ T sl

Let {z,};=_, be a non-negative solution of Equation

(2.5)

(2.5). Suppose, for the sake of contradiction, that

{x,}sz—1 is not bounded, then there exists a sub-

i

Zy 41 > Tpforall —1<m <n;+1and alli =0,1, .

sequence {x, }nzo of {x,}i=_, with lim.zc,,iJrl = oo and

We claim that limz, = limz, , = 0. Firstly,we

i—>co i—»00

prove that {z, }iZ, is bounded. Suppose,for the sake of

contradiction, that {z,,i}}’lo is not bounded, assume,

without loss of generality, that limz, = oo. For
sufficiently large i , we have 0 < z,4, — z, =
a + (B B x4 Y =~ Ca ),

Bz, + Cz,_; <0, which is a

contradiction. Hence {z, }iZ, is bounded. Now it is in
the position to complete the proof of the claim.
Equation(2. 5) implies that 0 << Zymy =

(= £Z, Y/ %y — Bz,

* . Since limz,,; = oo and
C— 7/1n,-+1 i~=c0 L

{z,, }72, is bounded,it is obvious that limz, =

i~»00

limx,,i_l =0.

i~

From Equation(2. 5) we get z, ., =

a + ﬁxnv—l e B‘rn.xn.—l I b h l'
: ——. It is obvious that limz, _
Cz, =% TR

a € & S o0
= — < 0, which is a contradiction. Hence {z,};= _,

is bounded.
Case4 B>0,A=0,a>0,Y=0,>0.1In
this case,Equation(1. 1) reduces to

o o a2
e an + an—l :

Let {z,};=_, be a non-negative solution of Equation

91

(2. 6)

n= 0,1,



(2.6). Suppose, for the sake of contradiction, that
{x,}5=_, is not bounded, then there exists a sub-
sequence {x, 4, }i2, of {z,};Z_; with }iﬁxni+1 = oo and
Z, 41> Zp for all — 1<m <m; + 1. Tt is similar to the

proof of Lemma 2. 6 that hmx = llm:c,. ==

—>00 i—>00

From Equation(2. 6) we get z, , = (a + Bz, ,
- an..‘rni—l)/cxn’. and In -3 = (a + ﬂxn,.—z ia

Bx,,__lcc,,,_z)/Cx,.__l. Clearly llm:c,, Lt=_ o, which

00

implies that limz, ; = oo,

s = (a+ Bz,)/(Bz,+Cz,_,) —

Since Lo Lua
a + ﬂxn—Z

-3 = (a+ Bz,)/(Bz, + Cm) =

Ly = a4 Br,)CBx— F Cx,—3) )/ (Bx, "
(Bz,—; + Cx,_3) + C(a+ Bx,—3)) — z,—3 = ((a +
Bo (B L, - Csks) i Bei-sxe( B + Couls) —~
Cxi—slort Baia)) f(Bxl Bz 5+ Cas)+ Cla+
Bz, ,)) = ((aB — BCzx,_3)x,—5 +
ZulPo— Bz o) By + Czi}))/(Bzx (Bzyey +
Czy—3) + Cla =+ Bz, 3))s
for sufficiently large i , we have 0 < z, 4, — z, s =
((aB — BCz, 3z, + z,(B — Bz,_3)(Bx,—, +
Cz,—2))/(Bx, (B, s + Cx,_¢) + Clat Bz, o)) <
0, which is a contradiction. Hence {z,};2_, is
bounded.

Case 5 “B > 0;A=0a 2 0,4 =058 ="0."In

this case,Equation(1. 1) reduces to

a
L1 =m,n=0,1,"' (2.7)

Let {z,},-—, be a non-negative solution of Equation
(2.7). Suppose, for the sake of contradiction, that

{x,}s2_, is not bounded, then there exists £ > 4 such

that x; >max{x, : —1<n<k}. Setz;=min{z; : 1
<i<<k}. Then
=l a a l a _1_ o
B Be ., FCn, "B¥Cz'BHCm
a
Bz, + Cz,_, g

from which we get B-T—C < B—T—C' It is a

contradiction. Hence {x,};= _, is bounded.

Case 6 B = 0,A > 0. In this case, Equation
(1. 1) reduces to
2 +Aﬂ_f"g;:f"“‘,n = 0,1,  (2.8)
Let {z,},=—, be a non-negative solution of Equation
(2.8). Then z,,, = +Aﬂj_"(;1f"“ <2+Z+
92

Bz, B a Y
A—+anlaxn+z< + = +A+C (A+C+
_ Bz, @ ¥ B Y B
A+an~,)<A+C+A(A+C)+ACf°raH

n 2= 0, from which we reach the conclusion.

Case 7 B = 0,A = 0,8 > 0. In this case,
Equation(1. 1) reduces to
7.
Zuy1 = %7 ﬂgx+ - Lon= (015 PR (2.9)
n—1

Let {z,};=—, be a non-negative solution of Equation

(2. 9). It is obvious that x, = % for alln = 1.

With a transformation x, = g Vot %, Equation

(2. 9) can be transformed to

¥
aC;;ﬂ - Ya

el — —‘——‘yn = 0,1,
+ n—1
ﬂ Y,

(2.10)

From Lemmas 2. 1, 2. 2 and 2. 3, we get that every
solution of Equation (2. 10) is bounded, hence every
solution of Equation(2. 9) is bounded.

Case 8 B = 0,A= 0,8=0,Y = 0. In this

case, Equation(1. 1) reduces to

Zp41 =C%sn=0yl9“' (2.11)

n—1

In view of Equation(2.11),we get 2,4, = a/Cx,_, =
a/O(a/Cxiig) =

that every solution of Equation (2. 11) is periodic

x,_ 3 forn =2,3,+. It is easy to see

within period-four. Hence every solution of Equation
(2.11) is bounded.

Case 9 B = 0,A=0,8=0,Y> 0. In this
case, Equation (1. 1) reduces to
a+ Yx,_
ikl =Tzu_—l,n=0,1,'" (2.12)
It is obvious that z,, = %— for alln=>1. Hence x,4, =
a+ Yz, a Y o I
oS <C 7 +-5 7 + ok for alln=>1, from

which we reach the conclusion.

From the above analysis, we complete the proof
of theorem.
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